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ABSTRACT

This dissertation details work on high repetition rate semiconductor mode-locked lasers.
The qualities of stable pulse trains and stable optical frequency content are the focus of
the work performed. First, applications of such lasers are reviewed with particular
attention to applications only realizable with laser performance such as presented in this
dissertation. Sources of timing jitter are also reviewed, as are techniques by which the
timing jitter of a 10 GHz optical pulse train may be measured. Experimental results begin
with an exploration of the consequences on the timing and amplitude jitter of the phase
noise of an RF source used for mode-locking. These results lead to an ultralow timing
jitter source, with 30 fs of timing jitter (1 Hz to 5 GHz, extrapolated). The focus of the
work then shifts to generating a stabilized optical frequency comb. The first technique to
generating the frequency comb is through optical injection. It is shown that not only can
injection locking stabilize a mode-locked laser to the injection seed, but linewidth
narrowing, timing jitter reduction and suppression of superfluous optical supermodes of a
harmonically mode-locked laser also result. A scheme by which optical injection locking
can be maintained long term is also proposed. Results on using an intracavity etalon for
supermode suppression and optical frequency stabilization then follow. An etalon-based
actively mode-locked laser is shown to have a timing jitter of only 20 fs (1Hz-5 GHz,
extrapolated), optical linewidths below 10 kHz and optical frequency instabilities less
than 400 kHz. By adding dispersion compensating fiber, the optical spectrum was
broadened to 2 THz and 800 fs duration pulses were obtained.
iii

By using the etalon-based actively mode-locked laser as a basis, a completely selfcontained frequency stabilized coupled optoelectronic oscillator was built and
characterized. By simultaneously stabilizing the optical frequencies and the pulse
repetition rate to the etalon, a 10 GHz comb source centered at 1550 nm was realized.
This system maintains the high quality performance of the actively mode-locked laser
while significantly reducing the size weight and power consumption of the system. This
system also has the potential for outperforming the actively mode-locked laser by
increasing the finesse and stability of the intracavity etalon.
The final chapter of this dissertation outlines the future work on the etalon-based
coupled optoelectronic oscillator, including the incorporation of a higher finesse, more
stable etalon and active phase noise suppression of the RF signal. Two appendices give
details on phase noise measurements that incorporate carrier suppression and the noise
model for the coupled optoelectronic oscillator.
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CHAPTER 1
INTRODUCTION

1.1 Signal processing and coherent communications in time and frequency domains
Stable optical pulse trains with high repetition rates have a number of applications in
optical communications and signal processing. Examples of how a stable pulse train may
be exploited include optical time division multiplexed (OTDM) systems [1], digital-toanalog (DAC) [2] and analog-to-digital converters (ADC) [3] [4], and the generation of
high speed arbitrary electrical waveforms [5]. An architecture using high repetition rate
optical pulses for the generation of high speed electrical waveforms developed in [5] is
shown in Figure 1.1. Here, each optical pulse is split, directed to separate modulators for
phase modulation, recombined, and then photodetected. The pulses interfere as they are
recombined, and power of the pulse at the photodetector will depend on the voltages sent
to the set of modulators. By clocking the phase modulators at the pulse repetition rate, the
power at the photodetector can be controlled on a pulse-by-pulse basis. Photodetection
creates a series of electrical pulses of varying amplitude that when filtered electrically,
comprise a high speed (up to half the pulse train repetition rate) RF waveform. For an
arbitrary set of voltages on the modulators, a high speed arbitrary RF waveform is
generated, useful for secure communication and radar applications [5].
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High speed
arbitrary rf waveform

Modulator
PD

Modulator

10 GHz
pulse source

time

Modulator
LPF
Modulator
time

Memory and drivers
Master clock

Figure 1.1: An example of a time domain application of a low timing jitter high
repetition rate pulse source for the creation of high speed electrical waveforms. PD
photodetector; LPF, lowpass filter.

Systems such as the RF arbitrary waveform generator have stringent requirements on
the characteristics of the source pulse train in order to create high fidelity RF waveforms.
As another example, a 10 gigasample/sec ADC requires a pulse train with an rms timing
jitter under 30 fs and amplitude fluctuations under 0.049% to achieve 10 bits of
resolution [6]. The ability of mode-locked lasers to produce high repetition rate stable
pulse trains make them an obvious choice for high performance signal processing
systems. Moreover, the particular advantages of semiconductor-based mode-locked lasers
such as the high wall plug efficiency and compactness of these lasers make them worthy
of investigation as pulse sources for state-of-the-art communication and signal processing
applications. Creating stable pulse trains from semiconductor-based mode-locked lasers
is a major focus of this work.
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The fact that a mode-locked laser also produces a phase locked, regularly spaced
frequency comb suggests a number of frequency domain applications for these lasers. For
example, recent work has also shown the applicability of a stabilized multi-gigahertzspaced comb to astronomical measurements [7]. With a multi-gigahertz spaced comb, the
frequency spacing is sufficient for calibration of astrophysical spectrographs. This has
lead to the prediction that a stabilized, multi-gigahertz frequency comb can enable radial
velocity measurements with <1 cm/s precision, about two orders of magnitude more
precise than current calibration techniques. A mode-locked laser’s ability to produce a
phase locked frequency comb also suggests that these lasers are also uniquely suited for
frequency domain signal processing applications such as wavelength division
multiplexing (WDM), optical code division multiple access (OCDMA), and optical
arbitrary waveform generation (OAWG) [1]. An example of an OAWG architecture
following [1] is shown in Figure 1.2. In Figure 1.2 a WDM filter separates the individual
optical frequency components of the mode-locked laser. (Filtering technologies such as
ring resonators have the ability to demultiplex optical frequency components at multigigahertz separation [8].) The phase and/or amplitude of the frequency components are
independently modulated and then recombined to produce an arbitrary waveform. Since
the frequency components of the laser must remain at the transmission peaks of the
WDM filter, this system clearly demonstrates a constraint on the frequency comb for
frequency domain applications, namely a high level of frequency stability. A stabilization
technique requiring supercontinuum generation from the mode-locked laser pulse train
can achieve an extraordinary level of stability of a frequency comb [9]. However, this
stabilization technique has not yet been achieved with multi-gigahertz repetition rate

3

mode-locked lasers. This is because the generation of the supercontinuum requires very
short pulses (usually ~ 100 fs or shorter) with high energy to produce the necessary high
peak powers, a difficult task to generate from high repetition rate pulse trains, since
available energy is shared with a larger number of pulses. A high repetition rate, compact,
wall plug efficient mode-locked laser that is frequency stabilized would be a great boon
to the realization of viable optical arbitrary waveform generation. The development of a
semiconductor-based mode-locked laser with a high level of optical frequency stability is
another major focus of this work.

AM

PM

AM

PM

10 GHz
Mode-locked
laser

Figure 1.2: An example of a frequency domain application of frequency stabilized
mode-locked lasers for optical arbitrary waveform generation. AM, amplitude
modulator; PM, phase modulator

Additionally, narrow linewidth mode-locked lasers have the potential for coherent
communication applications such as phase shift keying and quadrature amplitude
modulation [10]. A collection of different modulation schemes and the laser linewidths
they require is shown in Table 1 [10]. Whereas DFB lasers typically have linewidths ~1
MHz and above, mode-locked lasers can produce linewidths suitably narrow for the
modulation schemes of Table 1 [11]. Again, coherent communications, just like signal
4

processing in time and frequency domains, leads to the conclusion that semiconductorbased mode-locked lasers are uniquely suited for high performance coherent
communication and signal processing applications.

Table 1 Linewidth requirements for different modulation techniques, after [10]. Δν
is the linewidth, Rb is the bit rate.
Modulation
Format

Detection

Δν/Rb

Δν for Rb = 10
Gb/s

2-DPSK

Differentially Coherent

3.0·10-3

30 MHz

4-DPSK

Differentially Coherent

5.0·10-4

5 MHz

2-PSK

Coherent

8.0·10-4

8 MHz

4-PSK

Coherent

2.5·10-5

250 kHz

8-PSK

Coherent

1.5·10-6

15 kHz

16-PSK

Coherent

2.4·10-7

2.4 kHz

8-QAM

Coherent

9.0·10-6

90 kHz

16-QAM

Coherent

6.9·10-7

6.9 kHz

1.2 Laser linewidth and harmonic mode-locking
The compactness of semiconductor lasers allows for fundamental mode-locking at
multi-gigahertz repetition rates [12] [13], since the short cavity lengths attainable lead to
cavity round trip times and optical longitudinal mode spacings in the multi-gigahertz
range. However, such lasers do not have the necessary properties for the applications
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discussed above. First, these lasers tend to have broad optical linewidths. For example, a
semiconductor laser fundamentally mode-locked at 10 GHz has been measured to have
an optical linewidth of 55 MHz [12]. This linewidth is far too broad for coherent
communication applications of Table 1 such as quaternary phase-shift keying (4-PSK)
and octonary quadrature-amplitude modulation (8-QAM). Moreover, the fact that the
spontaneous emission contribution to the pulse train timing jitter is proportional to the
square root of the linewidth [14] makes a narrow linewidth desirable for time domain
applications of the mode-locked laser. The linewidth of a comb element of a mode-locked
laser may be expressed as [15] [16]

Δν =

( R )(1 + α

v g2 μ hν ln 1
8π P L

2

2

2

).

(1.1)

Definitions of the symbols are as follows: Δv, optical linewidth; vg, group velocity; μ,
inversion factor; h, Planck’s constant; v, lasing optical frequency; R, laser facet
reflectivity; P, optical power; L, cavity length; α, linewidth enhancement factor. With a
given semiconductor gain medium, the factors in this expression that can be most easily
manipulated are the average optical power, the cavity length, and the cavity loss per
roundtrip. Therefore, in order to achieve narrow linewidths for each frequency element of
a mode-locked laser, the optical power may be increased by increasing the driving current
of the semiconductor gain, the cavity loss may be kept to an absolute minimum and, for
large reductions in the linewidth, the cavity length may be dramatically increased. Lasers
with long cavity lengths are used in these investigations as a means to greatly reduce the
optical frequency linewidth and the lower pulse-to-pulse timing jitter of the mode-locked
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laser pulse train. The extended cavity laser has another advantage, namely an extended
cavity allows intracavity elements that can used to stabilize the frequency comb.
In order to maintain a high repetition rate pulse train in a long cavity length laser,
harmonic mode-locking must be employed [12]. In active harmonic mode-locking, the
modulation rate is not equal to the cavity free spectral range as it is in fundamental modelocking, but rather at an integer multiple N of the free spectral range. Harmonic modelocking and its implications can be interpreted in both the time and frequency domains.
Beginning in the time domain, when a laser is mode-locked at the Nth harmonic, there are
N pulses inside the laser cavity. These pulses, being separated by less than the cavity
round trip time, are not derived from the regeneration of a single pulse. Pulses separated
by the cavity round trip time can however be considered as the regeneration of a pulse,
and the pulse train can be divided into N distinct interleaved pulse trains. In the frequency
domain, the interleaved pulse train picture leads to overlapped spectra, each spectral set
consisting of modes separated by the inverse of the cavity round trip time. These spectra
interfere (with different phases for different spectral sets) to produce a pulse train at N
times the cavity fundamental.
Interpretation of harmonic mode-locking may also begin in the frequency domain. The
action of the mode-locker correlates the phase among modes separated by the modelocking rate. Since the laser cavity modes are separated by the inverse of the round trip
time, the frequency spectrum may be considered as interleaved sets of phase locked
modes. This leads to a time domain picture of overlapping pulses with a repetition rate of
N times the fundamental. The different views of harmonic mode-locking are shown in
Figure 1.3.
7

Interleaved pulse trains

Overlapping pulse trains

1/fc

1/fR

Overlapping spectra fc

Interleaved spectra

fR

Figure 1.3: Four pictures of harmonic mode-locking. Harmonic mode-locking may
be understood in terms of interleaved pulse trains and overlapping spectra, or as
interleaved spectra and overlapping pulse trains.

The frequency domain picture of interleaved phase locked, or supermode, sets is useful
for understanding the unique challenges of harmonic mode-locking. The simultaneous
lasing of independent optical supermodes causes random fluctuations in the pulse train
amplitude and timing as the relative phase and amplitude among supermodes fluctuates.
This noise is the so called supermode noise in the timing jitter and pulse-to-pulse
amplitude noise [12]. The supermode noise can all but nullify any noise reduction
obtained by increasing the cavity length. Moreover, the simultaneous lasing of different
optical supermodes precludes the use of a single phase locked frequency comb with
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multi-gigahertz spacing. This makes the laser unsuitable for frequency domain
applications such as OCDMA and WDM. Clearly, limiting the impact of the supermodes
is important in both time and frequency domain applications.
In the chapters that follow, work on semiconductor-based, low noise and optical
frequency stabilized harmonically mode-locked lasers is described in detail. Chapter 2
discusses the sources of timing jitter in actively mode-locked lasers and various means by
which the timing jitter may be measured. In Chapter 3, experiments that explore the
effect of the RF source used to mode-lock the laser are described. It is shown how the RF
source phase noise limits both absolute and relative jitter and how a mode-locked laser
can filter the RF source noise. These experiments lead to the realization of an ultralow
timing and amplitude jitter source suitable for time domain applications. The focus then
shifts to generating optical frequency stabilized lasers in Chapter 4 where injection
locking for supermode noise suppression and optical frequency stabilization is discussed.
Chapter 5 describes another method for frequency stabilization, namely using an
intracavity etalon and the Pound-Drever-Hall laser frequency stabilization technique. The
laser developed in Chapter 5 is used as the basis of the experiments of Chapter 6 where
regenerative mode-locking is implemented. The regeneratively mode-locked laser of
Chapter 6 simultaneously addresses supermode noise, optical linewidth, optical
frequency stability and RF source noise to create a completely self contained low noise,
frequency stabilized source. Chapter 7 discusses future work that will improve the
performance of the regeneratively mode-locked laser of Chapter 6. The described
improvements are active suppression of the pulse repetition rate timing jitter and the
inclusion of a higher finesse etalon into the laser cavity. Appendix A discusses
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interferometric noise measurements and Appendix B explains in detail the noise model of
the regeneratively mode-locked laser.
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CHAPTER 2
SOURCES OF TIMING JITTER AND NOISE MEASUREMENT

2.1 Introduction
While the configuration of mode-locked lasers can vary widely, there are a number of
core components and processes common to most of these lasers. Figure 2.1 is a
generalized block diagram of a mode-locked laser. Necessary components for a modelocked laser are gain, output coupling, and either an active mode-locker such as an
electrically controlled loss modulator, a saturable absorber, or both. All laser cavities will
also have some dispersion and some laser cavities may include polarization control and
optical filters.

Linear Loss

Gain

Electric field
polarization
control

Dispersion

Output
coupling

Saturable
absorption
(nonlinear loss)

Active
mode-locker

Figure 2.1: Block diagram schematic of a mode-locked laser
If the value of any of these parameters changes with time, for example, changes to the
cavity birefringence or fluctuations in the gain, the pulse train will be disturbed, resulting
in amplitude and timing jitter of the pulse train. (The shape of the pulse can also change,
but this is a higher order effect that is not considered here. Also not considered is noise in
the carrier-envelope offset phase [17].) Aside from changing laser parameters, more
11

fundamental sources of noise must also be considered. The most fundamental source of
noise on the pulse train is quantum mechanical in nature, namely spontaneous emission
and vacuum fluctuations. It is the mathematical representation and measurement of the
noise on the pulse train, expressed in terms of timing jitter and amplitude fluctuations,
that is the focus of this chapter.
2.1 Sources of timing jitter in actively harmonically mode-locked lasers
A mode-locked laser pulse train has instabilities in the time separation between pulses.
This timing jitter is a result of many factors, both technical and fundamental. Technical
noise sources include temperature and vibration induced jitter, and can be addressed by
ensuring good environmental isolation. Two more fundamental contributors to an
actively mode-locked laser’s timing jitter are spontaneous emission and mode-locker
phase noise. As shown in [14], the power spectral density of the timing jitter due to
spontaneous emission and mode-locker phase noise may be written as

S J (ω ) =

4 2 Δω ST
Γ
Γ2
S rfφ (ω ) + 2
2
2
2
2
ω0 ω + Γ
ω 0 NΓ ω + Γ 2
1

⎡
(NΔω )2 ⎤.
1
+
⎢
2 ⎥
2
⎣ ω + (2Γ ) ⎦

(2.1)

The definitions of the symbols in Equation 2.1 are listed in Table 2. The root mean
square (RMS) timing jitter is obtained by integrating the jitter spectrum [18][18]:

σ J = ∫ S J (ω )

dω
.
2π

(2.2)
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Table 2: Definition of symbols for Equation 2.1
S J (ω )

Power spectral density of the timing jitter

ω0

Pulse repetition angular frequency

Δω

Mode-locker frequency detuning from laser free
spectral range

Γ

Mode-locked laser characteristic filter angular
frequency

S rfφ (ω )

Power spectral density of the mode-locker phase
noise

Δω ST

Schawlow-Townes linewidth

N

Integer proportional to the number of modes in
the mode-locked spectrum

A few conclusions can be drawn by inspecting Equation 2.1. In the first term, note the
presence of the mode-locker phase noise, S rfφ (ω ) . The mode-locker phase noise tends to
dominate the noise spectrum for low offset frequencies. Also note S rfφ (ω ) is filtered when
imposed onto the timing jitter. The characteristic frequency Γ of the filtering depends on
the quality factor of the laser cavity. The ability of a mode-locked laser to filter the phase
noise of a RF signal has many consequences important to this work and is explored
extensively in the following chapters. The second term of Equation 2.1 is the spontaneous
emission contribution to the timing jitter. To reduce the contribution of the spontaneous
emission, clearly the detuning must be kept to a minimum. This can be done by careful
control of the mode-locker frequency, although it should be noted that the laser is more
sensitive to detuning the broader the optical bandwidth. (Also, when optical stability is
not required, in a laser cavity with dispersion, the optical spectrum can shift to a position
that has the minimum detuning in a self-stabilizing way [19].) Equation 2.1 also points to
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the importance of the Schawlow-Townes linewidth [20] in determining the timing jitter,
namely the narrower the Schawlow-Townes linewidth is, the lower the timing jitter will
be. As described in Chapter 1, the linewidth may be reduced by keeping the optical
power high, the loss low and the cavity length long. In order to maintain a high repetition
rate with a long cavity, harmonic mode-locking must be employed. Equation 2.1,
developed for fundamental mode-locking, can be adapted for harmonic mode-locking
(under certain assumptions mentioned below) as follows:
2
∞
⎡
⎤
(
4 2 ΔωST
NΔω)
Γ
Γ2
φ
(
)
1
+
S (ω) = 2 ∑
S
ω
+
⎢
⎥
∑
rf
2
NΓ (ω − mωf )2 + Γ2 ⎣⎢ (ω − mωf )2 + (2Γ)2 ⎦⎥
ω0 m=−∞(ω − mωf )2 + Γ2
m=−∞ ω0
J

1

∞

(2.3)

where ω f is the cavity fundamental frequency, or the inverse of the cavity round trip
time. This noise spectrum consists of repeated noise peaks separated by the cavity
fundamental frequency. The repeated noise peaks are referred to as the “supermode noise
spurs” in the literature [12], [21], [22]. A plot of Equation 2.3 is shown in Figure 2.2. The
noise added due to the supermode noise spurs can completely negate noise reduction due
to a longer laser cavity. Benefits of a long laser cavity can be regained if the noise spurs
can be suppressed or mitigated. (The assumption that all the supermode noise spurs have
the same spectrum holds only when the pulse-to-pulse noise is uncorrelated [22]. Nested
cavities [23] or the inclusion of an intracavity etalon [12] can correlate the pulse-to-pulse
noise and the supermode noise spurs will no longer be equally distributed in power.)
Addressing the supermode noise spurs is another major focus of this work.
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Figure 2.2: Phase noise of an RF synthesizer, a harmonically mode-locked laser’s
jitter spectrum and spontaneous emission contribution to the jitter. At low offset
frequencies the jitter is dominated by the synthesizer noise. At high offset
frequencies the supermode noise spurs dominate. Also note the filtering of the
synthesizer noise by the mode-locked laser.

2.2 Measuring timing and amplitude jitter

Measuring both the pulse-to-pulse timing jitter and the pulse-to-pulse energy
fluctuations can be performed on the photodetected pulse intensity spectrum by
examining the phase and amplitude noise sidebands of the photodetected carrier at the
pulse repetition rate frequency [18]. (Timing jitter can also be measured by purely optical
means [24].) The timing jitter can be determined from the phase noise sidebands by
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σJ =

1
2π f ML

2∫ L( f )df

(2.4)

where σ J is the root-mean-squared jitter, f ML is the pulse repetition rate, and L( f ) is the
power of the phase noise sideband in a one Hertz bandwidth relative to the carrier power.
S φ (ω ) of Equation 2.1 is related to L( f ) by S φ (ω ) = 2 L(2πf ) . To obtain the total RMS
jitter, the upper limit of integration in Equation 2.4 should be the Nyquist frequency (onehalf the pulse repetition rate). For multigigahertz pulse rates, measuring the phase noise
sidebands to the Nyquist frequency is difficult, and reports of phase noise measured out
to Nyquist are rare [12], [25]. Instead, assumptions about the noise spectrum and
extrapolations are made [4], [26]. Similar to the timing jitter, the pulse energy
fluctuations are related to the amplitude noise sidebands via
ΔE
= 2∫ M ( f )df
E

(2.5)

where ΔE E is the fractional fluctuation of the pulse energy and M ( f ) is the power in
an amplitude noise sideband in a one Hertz bandwidth relative to the carrier power.
Again, the noise should be measured to the Nyquist frequency. Measuring the amplitude
noise can be performed with an AM detector consisting of a splitter, phase shifter and
double balanced mixer [27], or a diode detector [28].
Measuring the amplitude noise of an RF source is relatively straightforward, but
measuring the phase noise of a low noise RF signal requires some care. Since only phase
differences are meaningful, a separate source against which the phase fluctuations are
measured must be decided upon. Any reference source will have its own phase
instabilities which in general may be partially correlated with the phase instabilities of the

16

device under test. In order to best illustrate some of the advantages and limitations of
different reference sources, some basic definitions and noise measurement setups are
reviewed [29], [30]. Also, the power of phase noise sidebands to be characterized can lie
more than 16 orders of magnitude below the power of the RF carrier. Needless to say any
measurement system must show large dynamic range and high sensitivity. A noise
measurement system with a low noise floor is critical, and analysis and reduction of the
noise floor is also considered.
2.2.1 Absolute noise

The photodetected signal from a mode-locked laser can be represented (after the
filtering of harmonics) as a sinusoidal voltage signal with amplitude and phase noise,
S (t ) = [1 + α S (t )]V0 cos[ω 0 t + φ S (t )]

(2.6)

where α S (t ) is the amplitude noise, V0 is the nominal amplitude of the signal, ω0 is the
nominal frequency and φ S (t ) is the random varying phase. (Recall that it is the power in
the phase noise of the photodetected signal that contains the pulse-to-pulse timing jitter
information, and the amplitude noise contains the pulse-to-pulse energy jitter
information.) For all cases of interest, α S (t ) and φ S (t ) are <<1, and the photodetected
signal S(t) may be expanded as
S (t ) = V0 [cos(ω 0 t ) + α S (t ) cos(ω 0 t ) − φ S (t ) sin (ω 0 t )] .

(2.7)

This signal can be mixed with a reference that also has small amplitude and phase noise
R (t ) = V0 [cos(ω 0 t + δ ) + α R (t ) cos(ω 0 t + δ ) − φ R sin (ω 0 t + δ )]

(2.8)

where δ accounts for a relative phase shift between S(t) and R(t). The product of S(t) and
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R(t) can be performed with a double balanced mixer, and the resulting baseband signals
can be isolated with a low pass filter following the mixer. When δ = 90°, the resulting
baseband signal is proportional to the phase difference of S(t) and R(t):
VM = κ [φS (t ) − φR (t )]

(2.9)

where κ is related to the conversion efficiency of the mixer. Phase fluctuations φ S (t ) and

φ R (t ) relative to the ideal V0 cos(ω0t ) are termed the absolute phase noise of their
respective signals. The power spectra of the absolute phase fluctuations φ S (t ) and φ R (t )
are defined as S Sφ (ω ) and S Rφ (ω ) , respectively.
If the noise in the signal and reference are completely uncorrelated, the power spectrum
of the phase difference is simply the addition of the individual power spectra:
S Sφ , R (ω ) = S Sφ (ω ) + S Rφ (ω ).

(2.10)

If S Sφ (ω ) is known to be much greater than S Rφ (ω ) , the resulting power spectrum is
approximately S Sφ (ω ) . A schematic for measuring the absolute noise of source is shown in
Figure 2.3.
A better way to measure the noise of near equivalent sources is the three source method.
The three source method involves measurements of all three combinations of sources. For
three uncorrelated sources with power spectra S φ (ω ) , S γ (ω ) , and S σ (ω ) , the phase noise

S φ (ω ) is determined by
S φ (ω ) =

S φ ,γ (ω ) + S φ ,σ (ω ) − S σ ,γ (ω )
.
2

(2.11)
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Source under test

LNA

RFSA

DBM
Ultra-quiet reference source
LPF LNA
LNA

PS

Figure 2.3: Setup for measuring the absolute phase noise of a source. The same
setup is used for the three source method. PS, phase shifter; DBM, double balanced
mixer; LPF, low pass filter; LNA, low noise amplifier, RFSA, radio frequency
spectrum analyzer.

2.2.2 Relative Noise

A phase noise measurement designed to measure the phase noise of two port devices is
shown in Figure 2.4. In this case, the phase noise of the two signal inputs of the mixer are
derived from the same source and cannot be considered uncorrelated. A simple way to
account for phase noise transfer through the two port device is to treat it as a linear
system when acting on the phase noise (see Appendix B for details). The phase noise of
the signal from the two port device thus may then be written as

φ S (t ) = h(t ) ∗ φ R (t ) + φ DUT (t )

(2.12)

where h(t ) is the response function of the two port device to the input phase noise and

φDUT (t ) is uncorrelated noise added by the two port device. The transfer function
associated with h(t ) is H (ω ) e iθ . The power spectrum of the signal from the two port
device is
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φ
φ
(ω ) = H (ω ) S Rφ (ω ) + S DUT
(ω ).
S out
2

(2.13)

The power spectrum of the phase noise difference φS (t ) − φR (t ) at the output of the mixer
is

[

]

S rel (ω ) = S Rφ (ω ) ⋅ 1 + H (ω ) − 2 H (ω ) cos(θ (ω )) + S φDUT (ω ).
2

(2.14)

Herein after, the term relative noise is reserved for such a measurement. In cases where
H (ω ) e iθ ≈ 1 only the added noise of the two port device, also called the residual noise,

is measured [31].

Reference source

LNA

DUT

RFSA

DBM
LPF LNA
LNA

PS

Figure 2.4: Two port device “residual” phase noise measurement setup. DUT,
device under test; PS, phase shifter; DBM, double balanced mixer; LPF, low pass
filter; LNA, low noise amplifier, RFSA, radio frequency spectrum analyzer.

2.2.3 Delay Line Frequency Discriminator

When a separate lower noise reference is not available, knowledge of the absolute
noise S φ can still be obtained via the frequency discriminator (FD) noise measurement
method. This is a single source method, where the signal from the device under test is
split and a relative delay is imposed before being applied to the mixer. A schematic is
shown in Figure 2.5.
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delay
Source under test

LNA

PS

RFSA

DBM
LPF LNA
LNA

Figure 2.5: Measurement schematic for a delay line frequency discriminator. PS:
phase shifter; DBM: double balanced mixer; LPF: low pass filter; LNA: low noise
amplifier; RFSA: radio frequency spectrum analyzer.

The voltage signal after the mixer of Figure 2.5 can be shown to be
φ
φ
(ω ) = 2 ⋅ S DUT
(ω ) ⋅ (1 − cos(ωτ ))
S FD

(2.15)

where τ is the relative delay between the two signals from the device under test. The
modulation produced by the relative delay creates an offset frequency-dependent
measurement sensitivity that deserves some attention and is shown through an analysis of
the FD transfer function, shown in Figure 2.6. The transfer function goes to zero for
frequencies that are integer multiples of 1 and an FD cannot accurately relate noise

τ

values at frequencies near the interference nulls.. Also, since frequency values are usually
measured on a logarithmic scale, at large frequency offsets the individual nulls are not
resolved. For these reasons, the frequency discriminator is usually only used for
frequency offsets less than 1 .

τ
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Figure 2.6: Plot of the delay line frequency discriminator transfer function of
2(1 − cos(ωτ )) . The relative delay used in 5 μs.

The relative delay τ not only affects the maximum frequency offset of the measurement,
but the sensitivity at small offsets as well. To see why this is so, the detector noise must
be considered. For a detector phase noise S Dφ (ω ) , the measurement sensitivity is given by
S Dφ (ω )
2(1 − cos(ωτ ))

(2.16)

φ
(this can be seen by adding the detector noise to Equation 2.15 and solving for S DUT
).

Equation 2.16 is plotted in Figure 2.7 for two different delays. Clearly the sensitivity at
low offsets improves as τ is increased. Since the maximum frequency offset decreases
with increased delay τ , a compromise must be reached between desired sensitivity and
maximum frequency offset of the measurement.
Measuring the noise floor of the FD consists of measuring S Dφ by removing the relative
delay τ , then calculating Equation 2.16 with the measured S Dφ and the appropriate τ .
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Figure 2.7: Delay line frequency discriminator noise floor for 5 μs and 20 μs delays.
A value of -150 dBc/Hz for S Dφ (ω ) is used.

2.2.4 Noise floor

In the analysis of the phase noise measurements considered thus far, with the exception
of the brief mention for determining the sensitivity of the FD, noise originating in the
phase noise detection system itself has been ignored. The most fundamental noise sources
are shot noise associated with photodetection and thermal noise. For a CW laser signal
illuminating a photodetector, the shot noise power is given as [20]

σ shot = 2qi RB

(2.17)

where q is the charge of an electron, R is the system impedance, B is the measurement
bandwidth and i is the average photocurrent. The average photocurrent is simply the
product of the average optical power Popt and the detector responsivity ℜ :
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i = ℜPopt .

(2.18)

Strictly speaking, Equation 2.17 does not apply for time varying signals [32], however
empirical results have shown its applicability to a mode-locked pulse train phase noise.
The phase noise associated with shot noise (in a 1 Hz bandwidth) is therefore given by
Lshot ( f ) =

qi R
Prf

(2.19)

where Prf is the power in the RF carrier. Since i is proportional to the optical power
and Prf is proportional to the square of the optical power, Lshot ( f ) ∝ 1

Popt

. This is

contrasted with the thermal noise contribution to the phase noise, given as
Ltherm ( f ) =

kT
2 Prf

(2.20)

where k is Boltzmann’s constant, and T is the system temperature. (The factor of two in
the denominator accounts for the equal separation of the thermal noise into phase and
amplitude noise.) The phase noise due to thermal noise goes as Ltherm ( f ) ∝ 1

2
Popt

.

Because of the different dependence on the optical power of the thermal and shot noise,
thermal noise will limit the noise floor for low optical powers while shot noise is the
limiting fundamental noise for high optical powers. The crossover occurs at an optical
power of
Popt =

kT
.
2qRℜ

(2.21)

For typical parameter values of an operating temperature of 273 K, photodetector
responsivity of 0.8 A/W and a 50 ohm system, the crossover optical power is -5.3 dBm.
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Of course, shot and thermal noise are not the only noise sources of a measurement
system. There will be flicker and AM to PM conversion in the photodetector and mixer,
but the noise originating in the amplifiers used to detect the phase noise often set the
noise floor. The amplifiers will exhibit flicker noise and white noise. (The white noise
level is characterized by the noise figure). The noise from the amplifiers increases the
optical power needed to be shot noise limited. At low offset frequencies, flicker noise
dominates; at large offset frequencies, the white noise sets the noise floor of the system.
A typical noise floor is shown in Figure 2.8. Flicker noise is characterized by a 1/f (10 dB
per decade) roll-off, and originates in low frequency parametric variations that are
nonlinearly upconverted to modulate the amplified RF carrier [33]. Amplifiers with a low
noise figure are best when the white noise level is of concern; however such amplifiers
are not necessarily optimized for low flicker, or vice versa. A pictorial representation of
the noise measurement showing the transference of flicker noise from amplifiers prior to
the mixer is shown in Figure 2.9. The two signals are represented as a sum of a carrier
and noise sidebands. The flicker noise associated with amplifying an RF carrier is shown
along with the input noise sidebands we wish to measure. Since all noise sidebands are
weak compared to the carriers, sideband-sideband multiplications are insignificant
compared to carrier-sideband multiplications (the carrier-carrier term is at DC). The
mixer output is therefore the noise of the device under test plus the flicker of both
amplifiers.
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Figure 2.8: Typical phase noise measurement noise floor.
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Figure 2.9: Pictorial representation of a phase noise measurement via saturated
mixer as phase detector with amplifier flicker. “*” denotes convolution.
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The noise floor may be measured by removing the DUT of Figure 2.9 (while
maintaining a relative 90° phase shift), being careful to match the signal powers to those
used in the actual noise measurement. Also, the relative delay between the signals into
the mixer must be minimized to avoid frequency discriminator effects. Calibrating the
instrument involves measuring the phase to voltage conversion efficiency κ which may
not be constant for all offset frequencies of interest. A noise measurement system that
reduces the contribution of the amplifier flicker noise is explained in Appendix A.
2.3 Noise sources and measurement summary

In summary, the major contributions to an actively mode-locked laser’s timing jitter
have been discussed. These include technical or environmental noise sources, and the
more fundamental noise sources of RF source phase noise and amplified spontaneous
emission. The phase noise of the RF source used as the mode-locker contributes heavily
to the timing jitter, however, if the laser’s quality factor is high enough, the RF source
phase noise will be filtered as it is transferred onto the timing jitter. For a harmonically
mode-locked laser, supermode noise spurs can contribute significantly to the timing jitter,
and their effect needs to be mitigated to achieve a low timing jitter source. Also,
measurement techniques to measure the absolute and relative phase noise of an RF source
have been reviewed. The tradeoffs among different measurement methods have been
outlined and the major contributions to the noise floor have been addressed.
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CHAPTER 3
AN ULTRALOW TIMING JITTER MODE-LOCKED LASER

3.1 Introduction

In Chapter 2, the concepts of absolute noise and relative noise as well as various
schemes to measure them were discussed. In this chapter, absolute and relative phase
noise measurement results are presented concentrating on the effects of the RF source
[30]. First, an Agilent synthesizer was used as the RF source to mode-lock both an
erbium-based mode-locked laser and a semiconductor-based mode-locked laser. Sections
3.2 and 3.3 describe the devices used and absolute and relative noise measurements
performed. In Sections 3.4 and 3.5, further investigations were made by driving the lasers
“in series” and “in parallel” that revealed more information on the absolute and residual
phase noise of a mode-locked laser. Building upon these initial results, the semiconductor
gain-based laser was rebuilt and the synthesizer was replaced with a lower noise
oscillator forming an ultralow jitter source. Apart from providing low jitter, this laser
gives the clearest measurement of the RF source phase noise transfer function. It also
provides the opportunity to examine the effect of the laser optical power on the measured
timing jitter. The description of and experiments on the ultralow timing jitter source are
in Section 3.6. The results presented in this chapter are summarized in Section 3.7.
3.2 Synthesizer and mode-locked lasers

The devices used for the original test of the filtering effect are an RF synthesizer and
two high quality factor lasers, one semiconductor based and one erbium fiber based. The
RF synthesizer is an Agilent 8254A, 250 kHz--40 GHz frequency synthesizer with the
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low noise option [28], and is used to provide the timing signal for both the erbium and the
semiconductor based lasers. A diagram of the semiconductor based laser is shown in
Figure 3.1. A 100 meter fiber delay is incorporated into the cavity to increase the laser’s
quality factor. Active mode-locking at a frequency near 10 GHz is achieved via a MachZender type electro-optic modulator in the cavity ring. The cavity length is about 108 m,
yielding a free spectral range of about 1.85 MHz. Since some of the noise measurement
schemes used involve mode-locking two lasers at the same frequency, small tunings of
the free spectral range of the laser were necessary. To adjust the free spectral range, both
dispersion and changing the physical cavity length were exploited. The cavity dispersion
was utilized by tuning the intracavity optical bandpass filter to set the optical spectrum to
where the target mode-locking frequency was a multiple of the longitudinal mode spacing.
Fine tuning was achieved with a short free space section with one fiber launcher on a
translation stage. The erbium based laser used is similar to the semiconductor laser in
many respects, both cavities containing the same basic components, including an optical
bandpass filter, electro-optic modulator, and an optical isolator. The erbium based laser’s
free spectral range is 1.68 MHz, close to that of the semiconductor based laser, indicating
a cavity length of about 119 m.
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Figure 3.1: Semiconductor based fiberized ring laser schematic. BPF: bandpass
filter; PC: polarization controller; IM: intensity modulator; I: isolator; FD 100
meter fiber delay; SOA: semiconductor optical amplifier

3.3 Frequency discriminator and relative noise measurements

In order to determine if there is any significant filtering of the RF source noise by
either laser, frequency discriminator (FD) measurements on all three devices were
performed. The results are shown in Figure 3.2. Although the interference pattern of the
FD measurement precludes precise knowledge of the absolute noise, it does not prevent
the examination of the relative phase noise fall-off of the three devices. Beginning at
frequencies below 100 kHz, there is a significant departure of the absolute phase noise of
the semiconductor laser compared to that of the RF source indicating a filtering of the RF
source noise when it is transferred onto the timing jitter for this laser. The absolute phase
noise of the erbium laser is lower still, signaling a much lower cut-off frequency (and
higher quality factor) than the semiconductor laser.
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Figure 3.2: Frequency discriminator measurements of the RF source (i), the
semiconductor laser (ii), and the fiber laser (iii). Curve (iv) is the noise floor.
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Figure 3.3: Residual noise measurements using the setup in Figure 2.4 of the
semiconductor laser (ii), and the fiber laser (iii). The absolute noise of the rf source
is shown in curve (i).
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Figure 3.3 shows how this filtering manifests itself in the relative noise and
demonstrates the necessity of distinguishing between relative noise and residual noise in
high quality factor lasers. Here the semiconductor laser phase noise and the erbium laser
phase noise, both measured relative to the RF source, are shown (the measurement setup
is shown in Figure 2.4). Also, the absolute phase noise of the RF source (determined by
using the three source method) is plotted for comparison. The filtering corner frequencies,
estimated from FD measurements, are ~50 kHz and 5 kHz for the semiconductor laser
and erbium laser, respectively. Regions of the relative noise spectrum for both lasers
where filtering is significant are clearly dominated by the RF source absolute phase noise.
For example, when the signal from the RF source is compared to the semiconductor laser,
the absolute noise of the RF source begins to contribute to the relative noise at an offset
of 10 kHz, and continues to do so out to 1 MHz. This is the noise bump in Figure 3.3,
curve (ii). The effect of the RF source absolute noise on the erbium laser-RF source
relative noise, as indicated by the equivalence of curves (i) and (iii), stretches from 1 kHz
to 1 MHz. The noise spurs, multiples of 1.85 MHz on curve (ii) and multiples of 1.68
MHz on curve (iii), are the supermode noise spurs of the semiconductor laser and the
erbium laser, respectively. Examining the absolute noise plots of Figure 3.2 and the
relative noise plots of Figure 3.3 demonstrates the need to consider the laser’s low noise
application when evaluating phase noise. With the given RF source, the semiconductor
laser would be preferred to the erbium laser when there is correlation between the phase
noise of the RF source and the laser. On the other hand, if the reference by which the
laser’s phase noise is measured is uncorrelated, the lower absolute noise (excluding
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supermode noise spurs) of the erbium laser dictates that it is preferable to the
semiconductor laser.
Aside from these absolute and relative phase noise measurements, further
investigations were made in which the filtering effect of a high quality factor laser was
exploited. Two different setups were used, shown in Figure 3.4. The setup in Figure
3.4(a), where the signal generated from one laser is used to mode-lock another, is referred
to as the “lasers in series” configuration and is capable of revealing otherwise obscured
residual noise. Likewise, when the relative noise of two lasers driven by the same source
is measured, the setup is referred to as the “lasers in parallel” configuration. This setup,
shown in Figure 3.4(b), reveals information about the absolute noise of the
semiconductor laser.

RFSA
L1

L2

~

Switch

RF Source

LPF

PS

LNA

(a)
RFSA
L1

~
RF Source

L2

PS

LPF

LNA

(b)
Figure 3.4: “In series” (a) and “in parallel” (b) measurement schematics. The noise
of L2 in (a) can be measured relative to either the RF source or L1 depending on
the position of the switch.
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3.4 Lasers in Series Configuration

When the absolute phase noise of an RF source has rolled-off to a level sufficiently low
at the cut-off frequency of a mode-locked laser, no significant filtering of the RF source
noise by the laser will take place. In this case, the relative noise will be dominated by the
residual noise of the mode-locked laser. In lieu of such an RF source, the filtering effect
of another laser with a higher quality factor can be used to generate a low absolute noise
signal for mode-locking, thereby revealing the residual noise. The setup used to do this is
shown in Figure 3.4(a). As shown, the RF source is used to mode-lock the erbium laser.
The output of the erbium laser is photodetected, amplified, then used to mode-lock the
semiconductor laser. The noise of the semiconductor laser can then be measured relative
to either the erbium laser or the RF source. It should be noted that although the absolute
phase noise of the signal from the erbium laser is quite low for frequencies below 1 MHz,
strong supermode noise spurs at multiples of 1.68 MHz will feed into the semiconductor
laser. Discussions of the noise measured for the “lasers in series” configuration are
therefore separated into effects seen above 1 MHz and effects seen below 1 MHz. The
semiconductor laser’s noise relative to the erbium laser for frequencies below 1 MHz is
shown in Figure 3.5(a). Note that the noise bump of Figure 3.3 is no longer present.
Given the cut-off frequency of the semiconductor laser and the low absolute noise of the
erbium laser’s signal in this part of the noise spectrum, the relative noise of Figure 3.5(a)
can only be the residual noise of the semiconductor laser. The semiconductor laser’s
phase noise relative to the RF source below 1 MHz is shown in Figure 3.5(b), where it is
seen that the most of the noise spectrum is dominated by the RF source absolute noise.
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Figure 3.5: “In series” phase noise measurements below 1 MHz. (a) Semiconductor
laser noise relative to the erbium laser. (b) Semiconductor laser noise relative to the
RF source.

As mentioned above, noise spectra of the semiconductor laser above 1 MHz will be
influenced by the presence of the supermode noise spurs from the erbium laser. Figure
3.6(a) shows the semiconductor’s phase noise relative to the erbium laser from 1 to 10
MHz. Two sets of supermode noise spurs are seen, the stronger set coming from the
erbium laser, and the weaker set at multiples of 1.85 MHz are the supermode noise spurs
of the semiconductor laser. The fact that the supermode spurs from the erbium laser
appear in this noise measurement indicates that they may be filtered by the
semiconductor laser. Whether or not this is so can be determined by examining the
semiconductor phase noise relative to the RF source, shown in Figures 3.6(b) and 3.6(c).
Here it is seen that the strength of the erbium laser’s supermode spurs in the output of the
semiconductor laser depends on the frequency separation from the supermode spurs
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originating in the semiconductor laser. This interesting result indicates that the filtering
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Figure 3.6: “In series” phase noise measurements above 1 MHz. (a) Semiconductor
laser noise relative to the erbium laser, 1 MHz to 10 MHz. (b) Semiconductor laser
noise relative to the RF source, 1 MHz to 10 MHz, where a filtering effect is
apparent. (c) Semiconductor laser noise relative to the RF source, 10 MHz to 100
MHz, showing the periodicity of the filtering. The blue dotted line of (c) shows the
varying strength of the erbium laser’s supermode spurs.
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3.5 Lasers in Parallel Configuration

New information can also be gleaned from high quality factor lasers when they are
arranged “in parallel” as in Figure 3.4(b). If the two lasers are equivalent, this setup will
reveal the residual noise of either laser (after a 3 dB correction). For lasers with very
different absolute phase noise levels, the “lasers in parallel” configuration instead yields
information about the absolute noise of the laser with the higher absolute phase noise.
Results from Figure 3.2 show that the semiconductor based laser has a much higher
absolute phase noise for offset frequencies 10 kHz to 1 MHz. The result of the “in
parallel” measurement is shown in Figure 3.7(a). The absolute noise of the semiconductor
laser dominates the noise measurement in the 10 kHz to 1 MHz range. To verify this, the
measured data was multiplied by the FD transfer function of Equation 2.15 and compared
to the FD measurement of the laser. The excellent agreement of the two plots is shown in
Figure 3.7(b). The deviation of the two plots at large offset is due to the different
configuration of amplifiers, both optical and electrical, used for the two measurements
causing different noise floor levels. Note that unlike the FD measurement, the “in
parallel” configuration reveals the absolute noise free of the interference pattern that
precludes an accurate representation of the absolute noise.
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Figure 3.7: (a) Lasers “in parallel” measurement and (b) the comparison of the
“in parallel” measurement multiplied by the FD transfer function to the FD
measurement of the SL. The red curve in (b) is the FD measurement, and the black
curve is the lasers “in parallel” measurement multiplied by the FD transfer function.

In summary, investigations into the phase noise of high quality factor lasers showed
how timing fluctuations relative to the signal used to mode-lock the laser can increase
with the quality factor, although the absolute noise of the laser is decreased. Both the
reduction of the absolute noise and the increase in the relative noise are due to the
filtering of the noise spectrum of the RF driving source when that noise is transferred
onto the timing jitter. Also, experiments were performed using two high quality factor
lasers that took advantage of the filtering effect to reveal aspects of the residual and
absolute phase noise of the laser with the lower quality factor. Furthermore, these
experiments demonstrated that the filtering effect of harmonically mode-locked lasers is
periodic, with a period corresponding to the free spectral range of the laser.
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3.6 Ultralow jitter mode-locked laser

With the availability of an ultralow noise RF source, running two lasers in series is no
longer necessary to remove the noise bump in the relative phase noise. Additionally, the
entire absolute noise spectrum of the synthesizer driven mode-locked laser can be
measured without running two lasers in parallel. The semiconductor laser was rebuilt for
use with the ultralow phase noise RF source. A schematic of the laser is shown in Figure
3.8. The laser, very similar to the one described in Section 3.2, is actively harmonically
mode-locked at 10.24 GHz via loss modulation of a Mach-Zehnder type intensity
modulator. The fiberized ring cavity uses a commercially available semiconductor optical
amplifier (SOA) as the gain medium. A 100 meter fiber delay is included in the cavity to
increase the laser cavity’s quality factor. This sets the cavity length at about 110 m and
the corresponding cavity fundamental frequency to 1.82 MHz.

The straightforward

cavity design helps maintain low loss, also important for maintaining a large quality
factor. Note that unlike the laser of Figure 3.1, there is no bandpass filter in the laser
cavity. Since there is large dispersion and no bandpass filter, the laser mode-locks at the
wavelength where the modulation matches a multiple of the longitudinal mode separation.
The laser employs no active feedback stabilization, but is encased in an insulated
enclosure to isolate the laser from environmental perturbations.
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Figure 3.8: Laser Schematic. SOA: semiconductor optical amplifier; PC:
polarization controller; IM: intensity modulator; I: isolator; FD: fiber delay

The similarities between this laser and the semiconductor laser of Section 3.2 suggest
that this laser will also filter the RF source phase noise. Indeed, when the laser was driven
by the Agilent synthesizer, it was discovered that not only are the absolute and relative
phase noise affected, but the amplitude noise as well. The absolute phase noise of the
mode-locked laser and the absolute phase noise of the synthesizer are shown in Figure
3.9. (The absolute phase noise of the laser was measured by comparing the synthesizer
driven laser output to a sapphire loaded cavity oscillator (SLCO) and the absolute phase
noise of the synthesizer was measured via the three source method.) As seen in the Figure,
there is a clear departure of the laser noise from the synthesizer noise at offsets of 100
kHz and above. The functional form of this filtering given in Equation 2.1 is
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S (ω ) =
J

(ω )

Γ2
2

+Γ

2

S rfφ (ω ).

(3.1)

The result of applying Equation 3.1 with Γ=170 kHz to the synthesizer noise is also

L(f) (dBc/Hz)

shown in Figure 3.9. Note the excellent fit to the mode-locked laser absolute phase noise.
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Figure 3.9: Absolute phase noise of the rf synthesizer and the mode-locked laser
when driven by the RF synthesizer. Also shown is the RF synthesizer noise after
the filter function of Equation 3.1 is applied.

While the absolute phase noise measurement reveals the amplitude response
(magnitude squared) of the phase noise transfer function, no information about the phase
of the transfer function is present. Recalling Equation 2.14,

[

]

S rel (ω ) = S Rφ (ω ) ⋅ 1 + H (ω ) − 2 H (ω ) cos(θ (ω ))
2

(2.14)

the transfer function phase response can be determined from a relative noise
measurement. The relative noise and the application of Equation 2.14 to the synthesizer
noise are shown in Figure 3.10. The filtering corner frequency Γ used is the same as in
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Figure 3.9, namely 170 kHz. The phase response θ (ω ) used is Γ . Note the excellent fit
ω
to the noise bump of the relative noise measurement.
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Figure 3.10: Mode-locked laser relative noise (in red) and Equation 2.14 applied to
the synthesizer phase noise (blue).

Offset frequencies where there is a noise bump in the relative noise are frequencies for
which the laser does not track the timing fluctuations of the modulation window of the
loss modulator caused by timing fluctuations of the RF source. When the timing of the
modulation window in the Mach-Zehnder modulator jitters at a rate that the laser pulses
do not follow, the peak of the modulation window will vary its position relative to the
mode-locked pulses. This leads to amplitude fluctuations as the pulses are transmitted
through different parts of the loss modulation curve, creating phase to amplitude
conversion of the synthesizer phase noise. The amplitude noise of the laser when the
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synthesizer is used to mode-lock the laser is shown in Figure 3.11. Note that no such
bump is observed in the amplitude noise of the synthesizer itself.
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Figure 3.11: Amplitude noise spectrum of the mode-locked laser, synthesizer and
noise floor. The bump in the laser amplitude noise originates in phase to amplitude
conversion of the synthesizer phase noise.

To eliminate the noise bump in the relative noise measurement and create an ultralow
jitter mode-locked laser, the Agilent synthesizer was replaced with the sapphire loaded
cavity oscillator (phase noise = -156 dBc/Hz at 10 kHz offset) from Poseidon Scientific
Instruments. Approximately 15 dBm of RF power from the SLCO was applied to the
intensity modulator corresponding to a ~95% modulation index. The optimally tuned
characteristics of the laser are shown in Figure 3.12. The SOA was biased at 500 mA
resulting in an average output power of 17 mW. Since this output power is too large for
our photodetector, the power on the photodetector was limited to 7 mW, generating -3.66
dBm of RF power at 10.24 GHz. The noise bump-free relative phase noise shown in
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Figure 3.12(a) exhibits an approximately -10 dB/decade noise roll-off from 1 Hz to 40
kHz. After a slight rise to a level of -150 dBc/Hz at 100 kHz offset, the noise drops to
nearly -160 dBc/Hz between the supermode spurs. The peaks of over 50 supermode spurs
remain below -150 dBc/Hz, out to the 100 MHz measurement limit. Other spurs are of a
technical nature, some being identified as harmonics of 60 Hz line noise, some
originating from the fluorescent room lights, and some originating from computer
monitors nearby. The associated timing jitter σ J can be obtained from the phase noise
L( f ) by Equation 2.4. A timing jitter of 4.65 fs was obtained via integration of the phase
noise spectrum from 1Hz to 100 MHz, the limit of the measurement capability. By
averaging the power in a supermode spur and extrapolating to Nyquist, the integrated
timing jitter to the Nyquist frequency of 5.12 GHz was estimated to be under 30 fs.
The pulse-to-pulse energy fluctuations were determined by measuring the amplitude
noise sidebands on the 10.24 GHz photodetected laser output. Unlike the phase noise
measurement, an electrical amplifier was used to measure the amplitude noise. The
results are shown in Figure 3.12(b). Supermode spurs at a level similar to those seen in
the phase noise measurement are present in the amplitude noise; however most of the
noise spectrum is dominated by the amplifier noise and the noise floor of the AM
detector. The large spur at 20 MHz offset originates in the electrical amplifier. The pulseto-pulse energy fluctuation, determined by integrating the amplitude noise sidebands, is
0.0365% (1 Hz - 100 MHz).
Also of note is the optical spectrum of Figure 3.12(c) which displays 10.24 GHz spaced
modes. The modes were not stable, however, and the visibility of these modes on the
optical spectrum analyzer would wash out after a few seconds. The broad optical pulses
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as measured directly from the laser output of Figure 3.9(d) contained a large negative
linear chirp due mostly to the intracavity fiber dispersion. Using a dual grating
compressor, the pulses were compressed to an autocorrelation FWHM of 5 ps.
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Figure 3.12: Laser characteristics when optimally tuned. (a) Relative phase noise,
noise floor and integrated timing jitter, (b) amplitude noise, noise floor and
integrated amplitude fluctuation, (c) optical spectrum, log scale, (d) pulse
autocorrelation before and after external compression.

Important to achieving the low noise of the mode-locked laser is the optical power
level both inside and coupled out of the laser cavity. A high intracavity power – by way
of reduced linewidth – has been shown to reduce timing jitter of actively mode-locked
lasers theoretically [14]. Specifically, it has been shown that the spontaneous emission
contribution to the mean square timing jitter is proportional to the linewidth. The
inversely proportional relationship between the optical power and the linewidth for single
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mode lasers is well known [15], and the relationship has been shown to hold for each
mode of mode-locked semiconductor lasers as well [34]. This relationship between the
intracavity power and jitter will manifest itself in the phase noise measurement as the
phase noise power of a supermode spur varying linearly with the inverse of the output
power. Figure 3.13 shows the phase noise plots for SOA bias current levels of 200 mA
and 300 mA. Clearly the supermode spur level decreases as the SOA bias, and therefore
the optical power, is increased. The inset in Figure 3.10 shows the linearity of the phase
noise power of a supermode spur to the inverse of the output power as the SOA bias is
varied from 150 mA to 500 mA. Furthermore, at 500 mA bias, the output power is high
enough to eliminate any need for external amplification prior to measuring the phase
noise. This eliminates any noise associated with amplification [35] and lowers the noise
floor of the phase noise measurement. This has lead the shot noise level, calculated to be
~160 dBc/Hz, to limit the noise performance between the supermode spurs.
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Figure 3.13: Phase noise for different SOA drive currents. (i) 200 mA, (ii) 300 mA.
The phase noise power of the first supermode spur of these two curves along with
those for gain biases of 150 mA, 400 mA and 500 mA versus inverse optical power
and the best line fit are plotted in the inset.

In summary, a timing jitter of less than 5 fs (1 Hz - 100 MHz) was achieved with a
semiconductor based actively mode-locked laser. The straightforward laser design
requires no active feedback and uses only commercially available components. By
extrapolating the noise out the Nyquist frequency the rms jitter is estimated to be under
30 fs. The amplitude noise, limited by the noise floor of the AM detector and the noise of
an RF amplifier, is less than 0.0365%. The low noise is attributed to the high optical
power level both inside and coupled out of the cavity, as well as the low noise of the
SLCO. The low noise of the SLCO removes any phase noise filtering effect detrimental
to not only the relative jitter, but to the pulse-to-pulse amplitude fluctuations as well.
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3.7 Discussion and conclusion

Low jitter mode-locked lasers that do not require optical frequency stabilization have
found applications in high speed signal processing. Indeed, a laser very similar to the one
described in Section 3.6 has been used for the generation of arbitrary RF waveforms [5].
Whether the description of the jitter should be in absolute or relative terms depends on
the application. If the reference source is uncorrelated with the mode-locked laser,
increasing the laser cavity length decreases both the influence of the RF source and the
spontaneous emission contribution to the jitter. The situation is slightly different when
the RF source used to mode-lock the laser is the master clock and the jitter relative to this
RF source is important. Since the RF source contribution to the relative noise increases
with a narrowing of the optical linewidth while the spontaneous emission contribution
decreases with a narrowing of the linewidth, careful consideration must be taken when
choosing an RF source and mode-locked laser.
The filtering of the RF source noise when it is transferred onto the timing jitter of an
actively mode-locked laser can be understood in terms of the quality factor of the laser as
follows. In the optical frequency domain, active mode-locking can be understood as the
creation of sidebands about an optical longitudinal mode at a frequency offset equal to
the mode-locking rate. When the frequency difference between the longitudinal mode and
the created sideband equals a multiple of the longitudinal mode spacing, the sideband
injection locks the two longitudinal modes. The locking bandwidth, that is, the range of
RF frequencies for stable mode-locking, depends on the linewidth of the longitudinal
modes, and therefore depends on the quality factor of the laser. In other words, as the
quality factor increases, the range of RF frequencies that can influence mode-locking
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decreases. This decrease in the range of RF frequencies manifests itself as a filtering of
RF source noise when transferring that noise onto the timing jitter. Since sidebands
created at any multiple of the longitudinal mode spacing can injection lock, RF noise
centered at any multiple of the laser’s free spectral range will influence the timing jitter.
The filtering of RF source noise is therefore periodic with a periodicity equal to the
laser’s free spectral range and a cut-off frequency inversely proportional to the laser
cavity quality factor.
It should also be noted that other effects can contribute to the low pulse-to-pulse timing
jitter of a harmonically mode-locked laser such as presented in Section 3.6. It has been
found that correlation among optical supermodes can reduce the contribution of
supermode noise to the timing jitter [36].
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CHAPTER 4
OPTICAL INJECTION LOCKING FOR SUPERMODE
SUPPRESSION AND OPTICAL FREQUENCY STABILIZATION

4.1 Introduction

For the laser in the last chapter, no effort was made to force the laser to select a single
optical supermode and no effort was made to stabilize the optical frequencies. In order to
select and stabilize a single optical supermode, external optical injection experiments
were performed [37]. The principal behind injection locking for supermode suppression
and optical frequency stabilization is to inject a low power optical signal from a stable
CW source whose frequency matches a longitudinal mode of the mode-locked laser. This
allows the injected longitudinal mode and consequently the optical supermode of which
the longitudinal mode is a part to begin to dominate the laser gain. Other supermodes are
then suppressed via gain saturation. Thus in the injection locked state, the laser produces
a comb of frequencies anchored to the wavelength of the injected signal. Also, since only
a single optical supermode dominates, noise associated with competition among optical
supermodes can be suppressed. Two desirable outcomes may therefore be achieved
simultaneously: supermode noise suppression and optical frequency stabilization.
In addition to the well studied optical injection locking of CW lasers [38], mode-locked
lasers have been successfully locked to external sources both pulsed and CW. These
studies have, among other things, shown how CW injection of a mode-locked laser can
establish coherence between the CW injection laser and the mode-locked laser comb
elements as well as narrowing the optical linewidth of the slave laser [39], [40]. However,
the effects of CW optical injection on the supermode noise spurs effecting pulse-to-pulse
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timing and energy fluctuations have not been previously considered. Moreover, long-term
stabilization of injection locking must be achieved for the laser to be a viable comb
source. Simulations and preliminary experiments on a scheme in which feedback is
applied to the mode-locked laser cavity length are also presented in this chapter.
4.2 Optical injection locking experiments

The experimental setup is shown in Figure 4.1. The mode-locked laser consists of a
semiconductor optical amplifier (SOA) in a fiberized ring cavity. A 10.24 GHz RF signal
is applied to a Mach-Zehnder type intensity modulator. A bandpass filter is included to
force the lasing frequency to that of the injection seed. Polarization controllers are
inserted prior to the modulator and the SOA, and an optical isolator ensures
unidirectional operation. The cavity fundamental frequency is 11.8 MHz, corresponding
to a cavity length of 17 m. The laser is mode-locked at ~870th harmonic; the optical
spectrum therefore consists of 870 interleaved sets of 10.24 GHz-spaced comb lines
when the laser is free running (no optical injection).
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Figure 4.1: Experimental setup for optical injection and phase noise measurement.
IL: injection laser; SOA: semiconductor optical amplifier; BPF: bandpass filter;
PC: polarization controller; I: isolator; IM: intensity modulator; DBM: double
balanced mixer; LPF: low pass filter; LNA low noise amplifier; PS: phase shifter;
OSA optical spectrum analyzer; RFSA: RF spectrum analyzer

The injection seed laser is a commercially available, frequency stable, narrow linewidth
laser. Given the mode-locked laser’s mode separation of 11.8 MHz, the linewidth and
stability requirements of the injection seed laser are quite stringent to ensure only single
supermode set is injected and that lock can be maintained. Previous reports have shown
how noise from an injection seed laser can be imparted onto a slave laser [41]. In
anticipation of seeing a similar effect with our harmonically mode-locked laser, the
intensity noise of our injection seed source was measured. The injection seed laser has a
large intensity noise peak at 205 kHz, shown in Figure 4.2. As shown below, a similar
noise peak emerges at 205 kHz offset from the 10.24 GHz photodetected carrier of the
mode-locked laser when the laser is injection locked.
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Figure 4.2: Injection laser intensity noise measurement setup (inset) and result.
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Figure 4.3: Optical spectrum of the mode-locked laser in free running (grey) and
injection locked (black) states. The arrow indicates the injection wavelength.

Figure 4.3 shows the optical spectrum with and without external CW optical injection.
The optical power injected into the mode-locked laser was ~19 µW and the average
power of the mode-locked laser pulse train was 5 mW. Without injection, the spectrum is
smooth, indicating the presence of many optical supermodes lasing simultaneously. Once
the laser is injection locked, a single optical supermode begins to dominate the laser gain
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and a high contrast 10.24 GHz-spaced phase locked comb emerges in the optical
spectrum. The arrow in Figure 4.3 indicates the mode into which the master laser is
injected.
Measurements of the pulse-to-pulse noise reduction are shown in Figures 4.4 and 4.5.
Both the phase noise and the amplitude noise plots show a large reduction of the
supermode noise – more than 20 dB – to levels below -140 dBc/Hz. Note the presence of
a noise peak at 205 kHz in both the injection locked phase and amplitude noise that
originates in the CW injection laser. The pulse-to-pulse timing jitter, obtained by
integrating the phase noise from 10 Hz to 100 MHz, shows a drop from 127 fs in the
unlocked state to 25 fs in the injection locked state despite the presence of the 205 kHz
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Figure 4.4: Phase noise and timing jitter of the mode-locked laser in free running
and injection locked states.
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Monitoring the polarization state of the injection laser and the mode-locked laser in
both injection locked and free running states provided an indication to the source of the
increase of the amplitude noise below 1 kHz offset. Although both the injection seed and
the free running mode-locked laser’s polarization states were constant, the polarization
state of the injection locked mode-locked laser would drift. This drift is believed to arise
when the mode-locked laser resonance becoming slightly detuned from the injection seed
frequency because of thermal fluctuations in the mode-locked laser cavity as well as
frequency fluctuations of the CW injection laser. Since the SOA’s gain is polarization
sensitive, changes to the polarization state caused small changes in the output power and
consequently increased the low offset amplitude noise of the injection locked modelocked laser. Despite the increase below 1 kHz, the amplitude noise decreased overall in
the injection locked state, from 0.85% to 0.12%.
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Figure 4.5: Amplitude noise of the mode-locked laser in free running and injection
locked states.
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The appearance of a bump in the relative phase noise with injection locking may
indicate linewidth narrowing caused by injection locking. Unfortunately, the master
oscillator’s noise peak at 205 kHz makes it impossible to confirm the existence the same
kind of phase noise bump seen in Chapter 3. Separate linewidth measurements were
performed using heterodyne beating (for the case of no optical injection) and self-delayed
heterodyne measurements (for the injection locked case). The results of these
measurements are shown in Figure 4.6. When there is no optical injection, the modelocked laser was beat with the same laser that was used for optical injection. Figure
4.6(b) shows the RF spectrum of the beat measurement when there is no injection locking.
The spectrum contains the 10.24 GHz carrier and the supermode noise spurs as well as
the master oscillator-mode-locked laser beat frequencies. The width of the longitudinal
modes of the mode-locked laser without optical injection as determined by the beat
signals is ~1.6 MHz. This broad linewidth contrasts greatly with the linewidth when the
mode-locked laser is injection locked, shown in Figure 4.6(a). In the self-delayed
heterodyne measurement used here, the optical signal under test is split into two arms,
one arm is then frequency shifted and a large relative delay is imposed before the two
arms are recombined using a directional coupler. To accurately measure the linewidth of
an optical signal with this technique, the relative delay between the two arms must be
greater than the coherence length of the signal. The relative delay between the two arms
of the self-delayed heterodyne measurement setup used here was 18.53 km.
Unfortunately, this was not enough to accurately measure the linewidth of the injection
locked mode-locked laser. An upper limit estimate may be obtained, however, by
assuming the relative delay is equal to the coherence length of the mode-locked laser.
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This leads to an upper limit on the linewidth of ~10 kHz. For comparison, the same setup
was used to measure the linewidth of the injection laser, also shown in Fig. 4.6(a). Note
that the free running linewidth of ~1.6 MHz is more than two orders of magnitude
broader than the injection locked laser. The narrowing of the optical linewidth of the
mode-locked laser to the level of the injection seed is a major benefit of the injection
locking technique.
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Figure 4.6: Linewidth measurements. a) Injection locked mode-locked laser and
injection laser; b) free running mode-locked laser heterodyne beat linewidth
measurement with four mode-locked laser-CW laser beat tones.

Additional measurements were made to ascertain the frequency stability of the
injection locked mode-locked laser. The setup is shown in Figure 4.7. Prior to injection
into the mode-locked laser, part of the injection signal is tapped off and frequency shifted
100 MHz. This frequency shifted signal is then beat with the output of the mode-locked
laser. Figure 4.8 shows the strong stable beat signals at 20.38 GHz and 20.58 GHz that
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demonstrate the high coherence between the injection laser and the mode-locked laser
during the locking of the mode-locked laser’s optical modes to the injection signal.
PC

Injection Laser
M

RFSA
Modelocked
laser
AOM
100 MHz shift

Figure 4.7: Setup for frequency stability of the injection locked laser measurement.
AOM, acousto-optic modulator; PC, polarization controller.

-20

Power (dB)

-40
-60
-80
-100
-120
20.40

20.45

20.50

20.55

Frequency (GHz)

Figure 4.8: Frequency stability measurement. The beat tones are circled, the center
tone is the second harmonic of the pulse repetition rate.

4.3 Long term locking scheme

These initial experiments show the promise of injection locking for noise reduction,
linewidth narrowing and frequency stabilization. However, maintaining lock to the
injection seed for long durations still needs to be addressed for this technique to be a
viable method for supermode suppression and frequency stabilization. A possible
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stabilization scheme is shown in Figure 4.9. The essential idea is that of the PoundDrever-Hall stabilization technique [42], except that instead of stabilizing a laser to a
resonator, the resonator (the mode-locked laser) is stabilized to the injection seed. Prior to
injection, the injection seed is phase modulated at a rate that is different from the mode
separation of the mode-locked laser. In other words, if the injection seed frequency is
within the injection locking bandwidth of a longitudinal mode of the mode-locked laser,
the phase modulation sidebands do not lie within the locking bandwidth of other
longitudinal modes. Within the injection locking bandwidth, the injection seed will
experience a phase shift θ with detuning from resonance given by [38]:
sin (θ ) =

ω0 − ω

(4.1)

Γ

where ω0 is the resonant frequency, ω is the frequency of the injected signal, and Γ is the
locking bandwidth. Since the phase modulation sidebands do not injection lock other
longitudinal modes, they will not experience the same phase shift. The phase shift of the
injection seed relative to the phase modulation sidebands can be measured by mixing the
photodetected signal with the phase modulation source. The voltage signal from the
mixer will then be an error signal by which the mode-locked laser can be stabilized to the
injection seed. In the proposed setup, the error signal is applied to a piezo driven fiber
stretcher located in the cavity. Figure 4.10 shows the expected error signal from the
output of the mixer, and Figure 4.11 shows an experimentally measured error signal for
the case of the mode-locked laser run CW. Note the excellent agreement between the two
plots.
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Figure 4.9: Proposed injection locking with a feedback loop to stabilize the modelocked laser to the injection source. PS, phase shifter; PM; phase modulator; PC,
polarization controller; IM, intensity modulator; PD photodetector, BPF; bandpass
filter; PZT, piezoelectric transducer, I, isolator; OSA, optical spectrum analyzer; IL,
injection laser; DBM, double balanced mixer; SOA, semiconductor amplifier.
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Figure 4.10: Simulation of the error signal derived from the setup in Figure 4.9.
The phase shift of the injection laser follows Equation 4.1 with Γ equal to 0.01·FSR
and the phase modulation rate equal to 0.1·FSR. Note the linear response of the
signal near resonance.
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Figure 4.11: Measured error signal while the slave laser is run CW.
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In summary, supermode noise spurs were reduced more than 20 dB in the
photodetected amplitude and phase noise of a harmonically mode-locked laser via CW
injection and the pulse-to-pulse timing jitter and amplitude noise were reduced from 127
fs to 25 fs, and 0.85% to 0.12% (10 Hz- 100 MHz), respectively. The noise reduction is
accompanied by the emergence of a high contrast 10 GHz optical frequency comb locked
to the injection seed and the reduction of the linewidth of the optical modes to the level of
the injection seed. With the proposed technique for long term stabilization, injection
locking can be a viable method for frequency stabilization and supermode noise
suppression in harmonically mode-locked lasers.
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CHAPTER 5
INTRACAVITY ETALON FOR SUPERMODE SUPPRESSION AND
OPTICAL FREQUENCY STABILIZATION

5.1 Introduction

Another method for supermode selection and frequency stabilization that has shown to
be quite successful is placing a Fabry-Perot etalon (FPE) inside the laser cavity [25], [43],
[44]. In the frequency domain, the etalon may be described as a periodic bandpass filter.
When the mode-locking rate equals the etalon free spectral range, the filtering action of
the etalon removes all but a single optical supermode. Not only does this produce an
optical frequency comb with frequency separation equal to the mode-locking rate, it also
eliminates the timing jitter and pulse-to-pulse energy fluctuation noise associated with the
competition among supermodes. Without stabilization of the laser cavity however, any
optical cavity length change brought on by environmental influences will cause
fluctuations in the optical frequencies. These frequency fluctuations can destabilize the
mode-locking as the optical frequencies become detuned from the transmission windows
of the FPE. The mandatory stabilization of the optical frequencies can be performed with
a Pound-Drever-Hall (PDH) stabilization loop that uses the same intracavity etalon that
suppresses the supermode noise [25], [42]. The essence of the PDH stabilization method
is pictured in Figure 5.1. A laser line to be stabilized is phase modulated and reflected off
a Fabry-Perot etalon. By setting the laser frequency near a transmission peak while the
sidebands reside in the reflection band of the etalon, the laser line experiences a phase
shift the sidebands do not as the laser frequency fluctuates. By mixing the photodetected
reflected signal with the source used to modulate the laser, an error signal can be derived.
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This error signal is conditioned and applied to an actuator in the laser cavity. By
incorporating PDH stabilization with the intracavity FPE, supermode suppression and
optical frequency stabilization are achieved simultaneously with a single etalon.
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Figure 5.1: Pound-Drever-Hall laser frequency stabilization. The schematic on the
left shows the basic setup. The upper right graph shows the phase and amplitude
response of one of the resonances of the etalon in reflection. The lower right shows
the derived error signal. LS, laser source; OC, optical circulator; FPE, Fabry-Perot
etalon; PS, phase shifter; FL, fiber launcher; PD, photodetector.

In the following section an intracavity etalon-based actively mode-locked laser with
ultralow timing and amplitude jitter is described. This laser represents a marked
improvement in noise performance over previous similar lasers [25]. Section 5.3
describes a modification to the laser resulting in an increase in optical bandwidth by more
than a factor of two. In Section 5.4 some comments are made regarding the use of an
ultralow noise RF source for mode-locking and Section 5.5 summarizes the work
presented in this chapter.
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5.2 Intracavity etalon-based actively mode-locked laser experiments

An actively mode-locked laser incorporating an etalon and PDH stabilization was built
and characterized. The laser system schematic is shown in Figure 5.2. The fiberized laser
cavity uses a commercially available semiconductor optical amplifier as the gain medium.
The cavity fundamental frequency is 44 MHz, corresponding to a roundtrip cavity length
of about 4.5 m. A free space section with a polarization beam splitter and air gap FabryPerot etalon (finesse ~100) with three low thermal expansion coefficient spacers serve to
suppress unwanted optical supermodes and generate the PDH error signal. Without the
inclusion of the etalon, ~233 optical supermodes can lase simultaneously. The modelocking frequency is set equal to the free spectral range of the FPE, 10.24 GHz, which is
~233rd harmonic of the cavity fundamental frequency. The average output power is
around 5 mW. To generate the PDH error signal, 10% of the output is tapped off and
phase modulated. After phase modulation the output is injected into the free space section
of the laser cavity with polarization orthogonal to the intracavity light. The phase
modulation rate is set to 500 MHz, comfortably in the reflection band of the etalon.
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Figure 5.2: Laser cavity and optical frequency stabilization schematic. I, isolator;
IM, intensity modulator; FPE, Fabry-Perot etalon; PC, polarization controller; PM,
phase modulator; F, Faraday rotator; λ , half-wave plate; DBM, double balanced
2

mixer; PS, phase shifter; PD photodetector; PID, PID controller. Grey arrows
indicate feedback loop beam path in free space.

The optical spectrum is shown in Figure 5.3. In Figure 5.3(a) the full spectrum with an
OSA resolution limited frequency comb is shown. A high resolution optical spectrum of a
single comb line (resolution = 1 MHz) showing the high optical signal-to-noise ratio
(OSNR) is shown in Figure 5.3(b). The nearest neighbor longitudinal mode is suppressed
to a level 50 dB below the dominant mode.
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Figure 5.3: Optical spectrum. a) Full spectrum showing resolution limited comb
visibility. b) High resolution spectrum showing 50 dB OSNR of a single mode.

A frequency stability measurement of the PDH stabilized laser source was performed
by monitoring the stability of a photodetected beat signal between a stable, narrow
linewidth CW laser and one of the modes of the PDH stabilized source. The fluctuation
of the beat frequency contains contributions from both the PDH stabilized laser and the
CW laser, therefore the fluctuation of the beat frequency yields an upper limit on the
instability of the PDH stabilized source. Also, the narrow linewidth of the CW source (~1
kHz) allows estimation of the linewidth of the optical frequencies of the mode-locked
laser. The results of these measurements are shown in Figure 5.4. In Figure 5.4(a) the
width of the beat frequency, and therefore the linewidth of a mode of the mode-locked
laser, is limited to the resolution bandwidth of the spectrum analyzer of 10 kHz. Figure
5.4(b) demonstrates the optical frequency stability of the mode-locked laser. A maximum
hold for 30 seconds of the RF spectrum shows a maximum deviation of only 360 kHz.
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Figure 5.4: PDH stabilized laser source linewidth and frequency stability
measurements. In (a), the linewidth was limited by the spectrum analyzer resolution
bandwidth of 10 kHz. In (b), the spectrum analyzer was set to maximum hold for
30 seconds.

The time domain characteristics of the stabilized source were also measured. In Figure
5.5 are the measurements of the pulse-to-pulse timing jitter, pulse-to-pulse energy
fluctuations, autocorrelation trace and sampling scope trace. The RF carrier phase noise
was measured relative the RF source used to mode-lock the laser. Figure 5.5(a) shows an
integrated timing jitter (1 Hz-100 MHz) of 5 fs. The first supermode noise spur peaks at
-145 dBc/Hz and the second supermode noise spur is in the measurement noise floor.
This indicates that the supermode noise spurs are well suppressed by the inclusion of the
intracavity FPE. The supermode noise spur level roll-off and a shot noise level in a
quadrature component calculated to be -157 dBc/Hz lead to an estimated timing jitter
integrated from 1 Hz to the Nyquist frequency of 5.12 GHz of only 20 fs. The integrated
pulse-to-pulse energy fluctuation (1 Hz -100 MHz) in Figure 5.5(b) is 0.04% and is
mostly measurement noise floor limited. Also of note are the externally compressed
pulses (compressed with a dual grating pulse compressor) with an autocorrelation
FWHM of 1.5 ps shown in Figure 5.5(c). The large wings in the autocorrelation trace
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indicate large higher order chirp. The pulse train sampling scope trace is shown in
Figure 5.5(d).
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Figure 5.5: Time domain characteristics. a) Phase noise and timing jitter; b) AM
noise and percent pulse-to-pulse energy fluctuation; c) autocorrelation trace; d)
sampling scope trace.

5.3 Intracavity etalon-based actively mode-locked laser with DCF

Subsequent to these experiments, a 43 cm length piece of dispersion compensating
fiber (DCF) was incorporated into the laser cavity just before the intensity modulator in
attempt to reduce the overall cavity dispersion. The laser optical spectrum when DCF is
incorporated is shown in Figure 5.6. In Figure 5.6(a), a -10 dB bandwidth of 16 nm with
OSA resolution-limited comb visibility is shown. The 16 nm bandwidth contains 195
phase correlated optical modes spaced by 10.24 GHz, significantly broader than the
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optical spectrum when no DCF is used. A high resolution optical spectrum showing the
high OSNR is shown in Figure 5.6(b). The exhibited OSNR is greater than 40 dB and is
limited by the noise floor of the high resolution spectrum analyzer. Note that optical
modes spaced by the cavity fundamental frequency of 34 MHz are not visible, having
been suppressed below the noise floor of the high resolution spectrum analyzer.
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Figure 5.6: PDH stabilized laser with DCF optical spectrum. a) Full spectrum
showing a -10 dB width of 16 nm; b) high resolution optical spectra showing
> 40 dB OSNR of a single mode.

The optical frequency stability of the mode-locked laser with DCF was also measured
in the same manner described in Section 5.2. These results are shown in Figure 5.7. As in
Figure 5.5, the width of the beat tone is limited by the resolution of the measurement of
10 kHz. As shown in Figure 5.7(b), a maximum hold on the RF spectrum analyzer shows
a maximum deviation in 30 seconds of only 780 kHz. Again, due to fluctuations of the
CW laser used in this measurement, the maximum deviation of Figure 5.7(b) should be
taken as an upper limit.
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Figure 5.7: PDH stabilized laser with DCF linewidth and frequency stability
measurements. In (a), linewidth was limited by the spectrum analyzer resolution
bandwidth of 10 kHz. In (b), the spectrum analyzer was set to maximum hold for
30 seconds.

The time domain characteristics of the source with DCF incorporated were also
measured. Figure 5.8 shows the measurements of the pulse-to-pulse timing jitter, pulseto-pulse energy fluctuations, autocorrelation trace and sampling scope trace. Figure 5.8(a)
shows an integrated timing jitter (1 Hz-100 MHz) of 11.4 fs. The supermode noise is
slightly higher than without the DCF. The first supermode noise spur peaks at
-143 dBc/Hz and the second supermode noise spur peaks at -150 dBc/Hz. The supermode
noise spur level roll-off and a shot noise level in a quadrature component calculated to be
-155 dBc/Hz lead to an estimated timing jitter integrated from 1 Hz to the Nyquist
frequency of 5.12 GHz of 31 fs. The integrated pulse-to-pulse energy fluctuation (1 Hz 100 MHz) in Figure 5.8(b) is 0.046% and again is mostly measurement noise floor
limited. The externally compressed pulses have an autocorrelation FWHM of 880 fs and
are shown in Figure 5.8(c). Note that the large wings seen in Figure 5.5(c) are no longer
apparent. The pulse train sampling scope trace shown in Figure 5.8(d).
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Figure 5.8: Time domain characteristics with DCF. a) Phase noise and timing jitter;
b) AM noise and percent pulse-to-pulse energy fluctuation; c) autocorrelation trace;
d) sampling scope trace.

5.4 Comments on using low noise RF sources with etalon-based actively mode-locked
lasers

It must be kept in mind that the timing jitter noise spectra of Section 5.2 and 5.3 are
residual noise spectra. The absolute timing jitter noise spectra will be dominated by the
Agilent source used to mode-lock the laser. Also, part of the amplitude noise of Figure
5.5(b) and Figure 5.8(b) may be due to Agilent source phase noise coupling to amplitude
noise of the pulse train as described in Chapter 3. In order to lower the absolute timing
jitter of the etalon-based mode-locked laser, an ultralow noise RF source, such as the
SLCO, must be used. The difficulty then becomes matching the free spectral range of the
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etalon to the frequency of the ultralow phase noise RF source, since neither are easily
tuned. It is possible to measure the free spectral range of an etalon very precisely [45],
but to then correct the free spectral range requires its disassembly and polishing of the
spacer(s) with high precision. The iterative process of measuring the free spectral range
of an etalon, disassembly, repolishing, assembly and re-measure has been limited to
etalons with flat mirrors. Unfortunately, diffraction losses of flat mirror etalons limit the
finesse to 100-200. This means that a laser with a curved mirror etalon with a finesse
~1000 that would otherwise improve laser performance (since the laser cavity length
could be decreased while still supporting only one optical supermode) would be
extremely difficult to use with an ultralow noise RF source. This creates a serious
limitation to improvements to the intracavity etalon-based actively mode-locked laser.
The following chapter outlines a different technique that allows for the generation of an
optical frequency comb from a semiconductor-based laser that does not have this
limitation.
5.5 Summary

In summary, by incorporating a Fabry-Perot etalon into a harmonically mode-locked
laser, a frequency stable, narrow linewidth comb source can be produced. A timing jitter
of only 20 fs (1 Hz-5.12 GHz) and a maximum frequency deviation of an optical mode of
360 kHz were obtained. By adding a short piece of dispersion compensating fiber into the
cavity, the optical spectrum was broadened to ~2 THz. This corresponds to nearly 200
GHz-spaced phase locked frequencies. Moreover, the compressed pulse width was
reduced to below one picosecond. The high quality output characteristics were
maintained for hours at a time, limited only by the dynamic range of the piezoelectric
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driven translation stage. The short pulse, low timing jitter, high OSNR, broad optical
spectrum stabilized to well below 1 MHz output of this laser make it well suited to serve
as a OCDMA, WDM, OTDM, source. These qualities also make this source ideal for
signal processing applications such as waveform generation and analog-to-digital
conversion.
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CHAPTER 6
THE ETALON-BASED COUPLED OPTOELECTRONIC
OSCILLATOR

6.1 Introduction

In Chapter 3, the action of a mode-locked laser on the phase noise of an RF source was
described. It was found that a mode-locked laser is capable of filtering the source phase
noise when transferring it onto the timing jitter. The analysis was conducted by
considering the laser and photodetector as a single RF component described by a phase
noise transfer function. In this analysis, the laser acts as an electrical filter with a high
quality factor, or Q value, defined as [46]
Q=

f0
2Γ

(6.1)

where f0 is the resonant frequency of the filter (in this case the mode-locking rate) and Γ
is the filter’s half-width at half maximum (HWHM) bandwidth. Such a conception of a
mode-locked laser as a high Q microwave component has lead to a unique microwave
oscillator known as the coupled optoelectronic oscillator (COEO) [47][44]. Unlike
traditional RF oscillators, low jitter optical pulses are produced in addition to a low noise
electrical signal. The conventional COEO is not however a stabilized frequency comb
source. On the other hand a COEO designed around a mode-locked laser with an
intracavity etalon should be able to produce a stabilized multi-gigahertz spaced comb.
Additionally, such an oscillator should not suffer from difficulties related to matching the
etalon free spectral range to the frequency of an RF source since in a COEO design there
is no separate RF source. Not only can the RF source for mode-locking be eliminated, but
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it is also possible to remove the source necessary for the generation of the Pound-DreverHall laser frequency stabilization. This results in a semiconductor-based, completely self
contained low jitter multi-gigahertz spaced stabilized frequency comb source. In this
chapter, the analysis and experimental realization of such a source are presented. In the
following section, the differences between the conventional COEO and the etalon-based
COEO are discussed. Section 6.3 reports experimental results on an optical frequency
self-stabilized COEO. Improvements on this source are described in Section 6.4 where
the pulse repetition rate is also stabilized. The feedback design for stabilization is
justified by the measurements of the fixed point frequencies in Section 6.5.
6.2 The conventional COEO and. the intracavity etalon-based COEO

A diagram of a conventional COEO is shown in Figure 6.1, and a detailed description
of such an oscillator can be found in [47]. The major segments of the COEO are the
optical loop designed for mode-locking through loss modulation, and an optoelectronic
feedback loop. The optical loop is simply a laser cavity like that of Chapter 3, but the RF
source has been replaced by the optoelectronic feedback loop. The generation of a low
noise RF signal and optical pulses build from noise, roughly described as follows. When
the laser output is photodetected, the beat signals from different longitudinal modes are
detected. One of these beat signals is selected with an RF filter, amplified, and with a
properly adjusted phase, used to drive the loss modulator in the optical cavity. The
modulation reinforces the strength of that particular photodetected beat signal which is
amplified, drives the modulator and so on. Provided there is enough gain for the RF
signal, oscillation will occur for the photodetected beat tone selected by the RF filter.
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Figure 6.1: The convention al coupled optical electronic oscillator. The oscillator
produces a low noise RF signal and a train of low noise optical pulses.

Just as a conventional COEO can be created by adding an optoelectronic loop to the
laser of Chapter 3, an optical frequency stabilized COEO can be created by adding an
optoelectronic loop to the frequency stabilized laser of Chapter 5. As in Figure 6.1, the
optoelectronic loop is formed by photodetecting part of the laser output with a high speed
detector, amplifying, and driving the modulator in the laser cavity. A phase shifter is also
included to ensure the modulator is at peak transmission when a pulse travels through and
can be used for fine control of the pulse repetition rate. Note that unlike conventional the
COEO, an RF mode selection filter is no longer necessary in the optoelectronic loop, for
this function is now performed by the etalon. Figure 6.2 illustrates a frequency domain
picture of the difference between an intracavity etalon-based COEO and a conventional
COEO with an RF filter. Without the inclusion of an etalon, the laser supports modes
separated by the laser cavity fundamental frequency, f0 (around 35.5 MHz for the
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oscillator described below). In the conventional COEO of Figure 6.1, an RF filter in the
optoelectronic loop determines the pulse repetition rate by selecting a harmonic of f0 to
drive the modulator. In this case the optical spectrum behaves like that of an actively
harmonically mode-locked laser where interleaved mode sets, or supermodes, operate
simultaneously. Just like the time domain lasers of Chapter 3, simultaneous lasing of
different optical supermodes precludes the use of a single phase locked frequency comb
with multi-gigahertz spacing. Placing an etalon in the laser cavity eliminates all but one
optical supermode. The selection of a single optical supermode also eliminates spurious
beat frequencies in the optoelectronic loop, rendering any RF filtering unnecessary.
Another unique feature of the etalon-based COEO is that it is a completely self-contained
optical frequency stabilized source. Instead of using a separate oscillator to provide the
reference for the Pound-Drever-Hall error signal, the 10.24 GHz COEO signal is
frequency divided down to 640 MHz for this purpose. In this way, the optical frequencies
and their stability and the RF frequency of the oscillator are all solely defined by the
intracavity etalon.
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Figure 6.2: Comparison of the frequency domain pictures of (a) a conventional
COEO and (b) an intracavity etalon-based COEO.

6.3 Optical frequency self stabilized COEO

The intracavity etalon-based COEO with optical frequency stabilization is shown in
Figure 6.3. Note that as described above, neither an RF filter in the optoelectronic loop
nor a separate oscillator for the PDH loop are included. The optical spectrum of the
COEO is shown in Figure 6.4. The full spectrum with a -10 dB width of 13 nm is shown
in Figure 6.4(a) while the high OSNR is of a single mode is shown in Figure 6.4(b).
When comparing Figure 6.4 to Figure 5.6, it can be seen that the quality of the optical
spectrum has been maintained when the actively mode-locked laser was converted to a
COEO. Furthermore, optical frequency stability was measured using the same technique
as described in Chapter 5 for the actively mode-locked laser. The result is shown in
79

Figure 6.5. The linewidth and optical frequency stability are also maintained,
demonstrating the ability of the COEO to self-stabilize the 10.24 GHz-spaced optical
frequency comb.
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Figure 6.3: Optical frequency stabilized coupled optoelectronic oscillator schematic.
The PDH loop is driven by the frequency divided COEO signal. LNA, low noise
amplifier.
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Figure 6.5: Optical frequency stabilized COEO. (a) Linewidth and (b) frequency
stability measurements in the RF domain.

The removal of the RF filter can be advantageous, for the RF filter can be very
susceptible to environmental fluctuations. The change in the delay due to environmental
changes for a 10.24 GHz signal through a bandpass filter was measured using the setup
shown in Figure 6.6(a). The tested filter had a -10 dB bandwidth of 27 MHz centered at
10.24 GHz. A low noise 10.24 GHz signal was split with half the power going through
the filter to the RF port of a double balance mixer and half the power going through a
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phase shifter to the LO port of the mixer. The two signals on the mixer were set to phase
quadrature by the phase shifter to create a phase to voltage converter. By monitoring the
DC voltage level after the mixer, the relative phase shift between the two inputs to the
mixer was measured. The results are shown in Figure 6.6(b). Also shown is the result of
the same measurement when the filter is replaced by a short length of cable. When the RF
filter is placed in the electrical feedback loop of a COEO, these changes in the
accumulated phase translate into frequency fluctuations of the COEO signal. The direct
effect of the RF bandpass filter stability on the COEO frequency stability is shown in
Figure 6.7. When the bandpass filter is placed in the electrical feedback loop (directly
after the low noise amplifier), the maximum frequency deviation of the COEO signal is
more than an order of magnitude greater than when there is no filter in the feedback loop.
The maximum frequency deviation of the COEO signal when the RF filter is removed
corresponds to 0.06 ppm.
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Figure 6.6: Phase to voltage converter. (a) Setup and (b) result showing the
susceptibility of the RF filter to environmental influences.
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Figure 6.7: Stability of the 10.24 GHz output of the COEO (a) when an RF filter
for mode selection is included in the electrical feedback loop and (b) when the RF
filter is removed. Note the different scales on the horizontal axes.

Additional RF spectra were measured to determine the purity of the COEO signal and
the suppression of the supermode noise spurs. The level of suppression of the supermode
noise spurs of the RF output of the COEO is shown in Figure 6.8(a). The spurs are barely
visible above the noise floor, corresponding to noise level better than -130 dBc/Hz. This
level of supermode suppression is the same as the directly measured photodetected
spectrum of the actively mode-locked laser from Chapter 5. A 5 kHz span measurement
of this signal, shown in Figure 6.8(b), shows the well defined COEO frequency for this
oscillator.
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Figure 6.8: RF spectra of the COEO output. (a) 100 MHz span measurement; the
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measurement showing a well defined COEO frequency.

Finally, the pulse autocorrelation was measured for the COEO. Again, the output pulse
has a large linear chirp and can be compressed to under 1 ps as shown in Figure 6.9.
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Figure 6.9: Pulse autocorrelation for the optical frequency stabilized COEO.
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6.4 Optical frequency and repetition rate stabilization in a COEO

The COEO design of the previous section, while generating a stabilized comb, can be
improved upon and still remain self contained if the optical bandwidth is sufficiently
broad. A shortcoming of the COEO of the previous section is that by changing the laser
cavity length to stabilize the optical frequencies, the repetition rate may change. That is to
say, one error signal cannot simultaneously stabilize the average optical frequency and
the mode separation. However, by taking the difference between two error signals
derived from opposite ends of the optical spectrum, a signal that is proportional to only
the repetition rate can be obtained. To see how this is so, recall that the PDH error signal
voltage V is proportional to the deviation of the laser mode from the transmission peak of
the etalon:
V ∝ δν n = δν c + nδf rep

(6.2)

where δνn is change in the optical frequency of the nth mode, δνc is the change in the
average frequency, or laser carrier frequency and δfrep is the change in the pulse repetition
rate. If another error signal is generated from the mth mode, the difference between the
error signals is
V1 − V2 ∝ δν n − δν m = (n − m )δf rep

(6.3)

Thus the difference in error signals is independent of changes to the optical carrier
frequency and can be used to independently control the pulse repetition rate. The scheme
used here is similar to [48] where an external etalon was used to stabilize the comb of a
passively mode-locked Ti:sapphire laser.
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A schematic for an optical frequency stabilized COEO incorporating two PDH error
signals for repetition rate stabilization is shown in Figure 6.10. This setup differs from
that of Figure 6.3 in that after the phase modulated signal is reflected from the etalon, it is
split and sent to two separate 0.8 nm width tunable bandpass filters centered at opposite
ends of the optical spectrum. Separate PDH error signals are generated from the filtered
comb sections and their difference is applied to a voltage controlled phase shifter in the
optoelectronic loop to stabilize the repetition rate. One of the individual error signals is
then used to control the cavity length to stabilize the optical frequencies.
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Figure 6.10: Coupled optoelectronic oscillator with optical frequency and pulse
repetition rate stabilization. VCPS, voltage controlled phase shifter; TBPF, tunable
bandpass filter.
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In order to improve on the COEO with only one PDH error signal, the dual PDH
approach must be able to detect pulse repetition rate changes smaller than 660 Hz. With
the given etalon and optical spectral bandwidth, it is not immediately obvious that this is
the case. To test the viability of the dual PDH approach, the COEO of Figure 6.10 was
converted into an actively mode-locked laser by replacing the optoelectronic loop with an
RF synthesizer. Active mode-locking allowed for precise control of the pulse repetition
rate while the difference between error signals was monitored. (Care was taken to balance
the strength of the error signals to keep changes in the average frequency from
contributing to their difference.) The results of this measurement are shown in Figure
6.11. Figure 6.11(a) shows the step-wise sweep of the pulse repetition rate, and Figure
6.11(b) shows the resulting change in the difference between error signals generated from
spectral components 15.4 nm apart. Note that the 56 Hz steps in the repetition rate are
resolved in the error signal measurement, indicating the possibility of improvement over
the single PDH design. Instabilities in the etalon, however, may limit the stability of the
repetition rate to level worse than implied by the results of Figure 6.11. Stability limits
are discussed in greater detail in the following section.
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Figure 6.11: Repetition rate sensitivity measurement. (a) Illustration of the stepwise frequency sweep of the repetition rate. (b) Measured difference in the error
signals generated from spectral components 15.4 nm apart where the 56 Hz steps in
the repetition rate are observed.

The optical spectrum of the COEO with both optical frequency and pulse repetition rate
stabilization is shown in Figure 6.12. Careful optimization of the RF power sent to the
Mach-Zehnder modulator expanded the -10 dB bandwidth slightly to 15.5 nm,
corresponding to 190 comb lines or nearly 1.96 THz. Also shown in Figure 6.12 is the
filtered comb sections used in the stabilization feedback loops.
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Figure 6.12: Optical spectrum of the optical frequency and repetition rate stabilized
COEO with 190 comb lines in a -10 dB width. The filtered sections of the spectrum
used in the stabilization loops are also shown.

Figure 6.13 shows the stability of the repetition rate when the repetition rate
stabilization is applied. The maximum drift over 10 minutes of 350 Hz is nearly a factor
of two better than when only a single PDH loop is used to stabilize the COEO.
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Figure 6.13: Repetition rate stability measurement of the COEO with optical
frequency and pulse repetition rate stabilization. The maximum deviation of the
repetition rate in 10 minutes is 350 Hz. Side spurs are 60 Hz line noise and
harmonics.

The optical and repetition rate stabilized coupled optoelectronic oscillator presented in
this section represents a unique oscillator, capable of generating low jitter optical pulses,
a low noise RF signal at 10 GHz and narrow linewidth optical modes in a completely
self-contained manner. This suite of characteristics is not available in any other source,
leading to the belief that this laser can have a broad impact on a number of high
performance signal processing and coherent communication applications.
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6.6 Comb dynamics of an etalon based COEO
6.6.1 Introduction and description of the fixed point formalism

Any comb line may be represented as a function of two parameters: the repetition rate
frep and either a carrier envelope offset frequency fceo (near DC) or an optical carrier
frequency νc (near the center of the optical spectrum). For passively mode-locked lasers
with supercontinuum generation, where an electrical reference signal is used to stabilize
the frequency comb, it is more appropriate to write the comb line frequencies in terms of
fceo rather than νc. When the comb is stabilized to an optical reference, νc is the parameter
of choice. Since the reference for the COEO described above is the intracavity etalon, the
comb lines are represented as ν n = ν c + nf rep . When the COEO is perturbed, the
frequency of the nth comb line is changed due to changes in both νc and frep. Two
questions then arise: to what extent are νc and frep changed for a given perturbation and
what system parameters are best utilized to stabilize νc and frep? The oscillator of Figure
6.10 uses the phase in the optoelectronic loop and the cavity length to control the optical
frequencies and the repetition rate, respectively. The arrangement of these feedback loops
seems reasonable, since the optical frequencies of the actively mode-locked laser were
also stabilized with feedback to the cavity length and since the optoelectronic loop
replaces the RF source that controlled the repetition rate. For an actively mode-locked
laser, it is clear that changing the cavity length only changes the optical carrier frequency,
and tuning the RF source frequency only changes the pulse repetition rate. The optical
frequency stabilized COEO is of course not an actively mode-locked laser, so one should
not assume the orthogonality of the feedback loops still holds. That is to say that in
general, changes to any parameter (such as the cavity length) will affect both νc and frep.
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This is also true for passively mode-locked lasers, and a “fixed point formalism” has been
developed to describe how changing a given parameter will affect νc and frep [49], [50].
The fixed point description is as follows. When a laser parameter is changed, the
frequency of the nth comb line changes as

δν n = δν c + nδf rep
For the comb line indexed by n fix = −

(6.4)

δν c
, the change in the carrier frequency is
δf rep

compensated for the change in frep leaving the mode frequency unchanged. This
frequency (which need not lie within the optical bandwidth of the comb) is called the
fixed frequency or fixed point for the given parameter, and different parameters will have
different fixed points. Note that the comb “breathes” about the fixed point as the given
parameter changes, and the frequency of the nth comb line can now be indexed (with
index m) from the νfix as

ν m = ν fix + mf rep .

(6.5)

The change in a comb line frequency from a change in the given parameter is now

δν m = mδf rep .

(6.6)

The location of the fixed point determines how this parameter should be leveraged for
comb control, as illustrated in Figure 6.14. Here two fixed point locations are shown. For
the fixed point frequency far below the optical spectrum, small changes in frep are
accompanied by large changes in νc. The parameter with this fixed point is best for
controlling νc. For the fixed point near the center of the optical spectrum, νc changes very
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little if at all when the parameter changes; it is mainly frep that is affected, and the
parameter with this fixed point is best for controlling frep.

Laser modes
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ν

Figure 6.14: Illustration of two fixed point frequencies. When parameter 1 is
p1
, when parameter 2 changes, the comb
changed, the comb “breathes” about ν fix
p2
.
“breathes” about ν fix

6.6.2 Measuring the fixed points

Although fixed points have been theoretically derived for passively mode-locked lasers
[51], the fixed points for the COEO are determined experimentally. The setup showing
the measurement of the fixed point for the phase in the optoelectronic loop is shown in
Figure 6.15. The locations of the fixed points can be determined by measuring the ratio of
the change in the optical frequency of a laser mode to the change in the pulse repetition
rate as one of the laser parameters is modulated. The location of the fixed point νfix is then
calculated as
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⎛ δν
ν fix = ν n − ⎜⎜ n
⎝ δf rep

⎞
⎟ ⋅ f rep .
⎟
⎠

(6.7)
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Figure 6.15: Setup for the measurements of the fixed point frequencies of an
etalon-based COEO. Parameters of phase of the optoelectronic loop, SOA bias
current, modulator DC bias and laser cavity length in fiber and free space were
tested. Each parameter was square wave modulated and the changes to the
frequency of the nth mode and the repetition rate was monitored with frequency
counters. A low noise oscillator was used to mix down the optical frequency beat
tone to within the bandwidth of the 2nd frequency counter.

By square-wave modulating the COEO parameters at 0.4 Hz, the locations of the fixed
points were measured for the COEO of Figure 6.15. Changes to the 10.24 GHz repetition
rate were measured with a frequency counter set to 10 Hz resolution. Changes to the
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optical frequency were measured by beating a laser mode with a stable, narrow linewidth
continuous-wave (CW) laser. The stability of the beat tone was monitored with a second
frequency counter with 0.1 second gate time. Ambiguity in the sign of δνn was resolved
with a high resolution measurement of the optical spectrum of the COEO and the CW
laser, shown in Figure 6.16(a). Here it is seen the COEO comb line lies at a lower
frequency than the CW laser. Thus an increase in the frequency of the beat tone indicates
a decrease in the frequency of the comb line. The full optical spectrum of the COEO is
shown in Figure 6.16(b).
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Figure 6.16: Optical spectra. (a) High resolution spectrum. The red dotted arrows
indicate COEO comb lines, the black arrow indicates the CW laser line. Other
spurs are artifacts of the high resolution spectrum analyzer. (b) Full spectrum of the
COEO. The arrow indicates the location of the CW laser.

First, the comb dynamics for changes to the OE loop phase were measured by applying
a 2.6 mrad peak-to-peak modulation via a voltage controlled phase shifter. The
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1555

optoelectronic loop is a feature not present in passively mode-locked lasers, so it is worth
mentioning how changes to the OE loop phase affect the pulse repetition rate and the
associated fixed point frequency. The affect of the OE loop phase is best illustrated by
reducing the COEO to a simple resonator-with-feedback oscillator. By requiring that the
phase accumulated in the OE loop be a multiple of 2π, the change in frep for a change in
OE phase can be shown to be [52]

δf rep = δϕ

f rep

(6.8)

2QR

where δφ is the change in the optoelectronic loop phase and QR is the effective
microwave quality factor of the laser resonator. Since changes to the optoelectronic loop
phase do not affect the phase of the optical carrier, the fixed point is expected to be close
to the center of the COEO optical spectrum. The measured changes to the optical
frequency and the repetition rate are shown in Figures 6.17(a) and (b), respectively. The
ratio δν δf rep calculated from Figure 6.17 places the fixed point at 194.7 THz, which is
indeed close to the center of the COEO spectrum. Also, note that this measurement
allows for the determination of the effective microwave quality factor of the laser cavity
through Equation 6.8. The calculated QR is 104, which is inline with the Q value reported
in Chapter 3. (Since the laser cavity is much shorter here than in Chapter 3, a smaller Q
value is expected.)
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Figure 6.17: Optoelectronic loop phase fixed point measurement. (a) Changes in
the optical frequency as the phase is square-wave modulated. Noise is mainly due
to instabilities in the CW laser. (b) Changes in the repetition rate as the phase is
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Figure 6.18: Cavity length change in fiber fixed point measurement, showing
changes in the repetition rate and changes in the optical frequency as the voltage to
a fiber stretcher is square-wave modulated. An upper bound on the repetition rate
change of 30 Hz puts an upper bound on the fixed point of 36 THz.
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The results of the modulation of the cavity length via a fiber stretcher are shown in
Figure 6.18. Instabilities in the measurements of frep prevent exact calculation of the fixed
point, however, a change in δfrep of ~30 Hz puts a conservative upper bound on the fixed
point frequency of ~36 THz. While this estimated fixed point frequency is higher than
expected, it should be noted that with the large value of δν δf rep , the fixed point
frequency is very sensitive to the value of δfrep. If a 25 Hz rep rate change is assumed, the
fixed point drops to 5 THz. The depth of modulation of the cavity length could not be
increased to make changes to frep more apparent, for this pushed the optical modes too far
from the etalon resonances and destabilized mode-locking. Also note that in general, the
presence of the OE loop will effect the amount the repetition rate changes due to changes
in the pulse round trip time in the laser cavity. Again, by requiring the accumulated phase
in the OE loop to a multiple of 2π it can be shown that

δf rep =

δf 0

(6.9)

1 + QQOER

where f0 is the natural resonance of the high quality factor resonator (in this case the
inverse of the pulse round trip time in the laser cavity) and QOE is the microwave quality
factor of the OE loop, given by 2πfrepτ. For most COEOs, including the one reported here,
QR>>QOE and the effect of the delay in the OE loop is small.
The fixed points for the SOA current, DC bias on the modulator, and free space cavity
length changes were also measured. The results of all the fixed point measurements are
summarized in Figure 6.19. The fixed point frequency for the bias voltage to the intensity
modulator, varied at 1% of the full depth of modulation applied, was measured to be
196.1 THz. Small changes to the modulator bias are essentially changes to the intracavity
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loss, and considering results from passively mode-locked lasers [50], the fixed point is
expected to be close to the optical carrier frequency. The location of the fixed point for
cavity length changes in free space, otherwise expected to be close to 0 Hz, is shifted to
the much higher frequency of 183.8 THz. However, it was noticed that as the free space
cavity length changed, the power in the repetition rate signal also changed. This
observation led to the conclusion that the free-space-to-fiber coupling changed with the
movement of the fiber launcher position, and the changes to the intracavity loss shifted
the fixed point frequency. The SOA current, modulated at a 2% modulation depth, was
determined to have a fixed point also at 183.8 THz, well within the expected range [50].

Fiber
stretcher

SOA current
and
cavity length in free
space (with loss)

<36 THz

183.8 THz

COEO spectrum
1.67 THz
Phase in
DC bias
optoelectronic loop to modulator

194.7 THz

196.1 THz

Figure 6.19: Summary of fixed point measurements. The COEO spectrum, centered
at 194.1 THz, is included for reference.

With a fixed point frequency far from the optical carrier, changes to the fiber cavity
length yield the largest change in the optical frequency for a given change in the
repetition rate. This indicates that feedback to an intracavity fiber stretcher is best for
control of the optical carrier frequency. Similarly, the OE loop yields the smallest change
to the optical frequencies for a given change in the repetition rate, and is therefore ideal
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for feedback control of frep. For the system in Figure 6.10, the error signal used for
feedback to the cavity length is influenced by changes to the OE loop phase. The method
by which this undesirable coupling can be eliminated follows from the measurements of
the fixed point frequencies. The OE loop fixed point frequency is by definition
insensitive to changes in the OE loop phase. By using this frequency for generating the
cavity length control error signal, the laser cavity length can be decoupled from the OE
loop phase. However, the maximum sensitivity for measuring changes to the pulse
repetition rate is achieved by comparing error signals from comb lines at opposite ends of
the COEO spectrum. Implementing this decoupling therefore comes at the cost of either
decreased sensitivity to changes in the repetition rate or the added complexity of
generating a third PDH error signal.
In summary, the fixed point frequencies for an etalon-based coupled optoelectronic
oscillator have been measured. It was found that out of the possible feedback paths for
stabilization, the optoelectronic phase, with a fixed point of 194.7 THz, and laser cavity
length changes in fiber, with a fixed point below 36 THz, are best for control of the pulse
repetition rate and optical carrier frequency, respectively. Moreover, determination of the
fixed point frequencies has lead to a feedback architecture for improved comb control of
a COEO where feedback to the cavity length is decoupled from changes to the phase in
the optoelectronic loop.
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CHAPTER 7
FUTURE WORK

The optical frequency self stabilized COEO results to date demonstrate the promise of
this design to generate not only a low noise, stable 10 GHz signal, but also to generate a
highly stable optical frequency comb. Two areas of improvement have been identified,
namely the incorporation of a higher finesse, more stable etalon and active phase noise
reduction. The implementation of these two areas constitutes the future work on the selfstabilized COEO.
7.1 Incorporation of a more stable, higher finesse etalon

With the intracavity etalon responsible for the multiple tasks of supermode suppression,
stabilization of the optical frequencies, and defining and stabilizing the pulse repetition
rate, the performance of the COEO depends heavily on the performance of the etalon.
Although the etalon used in these experiments has three low expansion coefficient
spacers, it is unsealed, leaving the refractive index of the air gap susceptible to air
currents, and changes in air temperature and pressure. To demonstrate the sensitivity of
the laser to air pressure changes, a pressure differential between our lab and the outside
hallway was exploited. (The lab is kept at a slightly higher pressure in an attempt to keep
out dust.) With the laser actively mode-locked, a beat tone between the mode-locked
laser and the stable CW source was measured as the lab door was opened and closed and
the PDH stabilization run in either open or closed loop. The results are shown in Figure
7.1. Figure 7.1(a) shows the frequency of the beat tone with the lab door closed. For short
durations, the laser will operate with the PDH in open loop (that is, feedback is not
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applied to the cavity length), and Figure 7.1(a) represents the beat signal when the door is
closed for either open or closed loop PDH. Figure 7.1(b) is the beat signal when the door
is opened with the open loop PDH, and a 1 MHz shift in the beat tone is observed. This is
contrasted with the beat tone measurement in Figure 7.1(c) where the door is open and
the PDH loop is closed. In this case the laser line tracks the frequency change of the
etalon transmission peak, and the shift in the frequency of the beat tone is now 4 MHz. It
should be noted that when the PDH loop is closed, the beat frequency shift is stable while
the door remains open. A shift of 4 MHz of an etalon transmission peak at 1550 nm
corresponds to a fractional index change of the air gap of only 2·10-8, which in turn
corresponds to a fractional air pressure change of only ~2·10-5 [53]. Of course, the free
spectral range of the etalon is also affected. Assuming the same shift in the transmission
peak of 4 MHz, the free spectral range of the etalon will shift ~200 Hz. This is close to

1 MHz

Power (10 dB/div)

Power (10 dB/div)

Power (10 dB/div)

the measured stability of the COEO repetition rate in Figure 6.13.

4 MHz

Frequency (2 MHz/div)

Frequency (2 MHz/div)

Frequency (2 MHz/div)

(a)

(b)

(c)

Figure 7.1: Measurement of the etalon stability. (a) Mode-locked laser – CW laser
beat frequency when the lab door is closed and the PDH is in either the open loop
or closed loop state. (b) Beat frequency when the lab door is open and the PDH is
in open loop state. (c) Beat frequency when the lab door is open and the PDH is in
the closed loop state.
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Since we are at the limit of stability provided by the etalon, further progress in an
etalon-based COEO must be made with a more stable etalon. It is believed that
incorporating a sealed etalon will improve performance. Moreover, the greater stability
provided with a sealed etalon allows for simultaneous increase in the etalon finesse.
Increasing the etalon finesse has many potential advantages. First, it will allow for a
longer laser cavity length while still only supporting a single optical supermode. This will
not only reduce the optical linewidth, but it will improve the effective microwave quality
factor as well. Second, it will provide a sharper discriminant for Pound-Drever-Hall
stabilization, for the ratio of the error signal voltage to the frequency change is inversely
proportional to the width of the etalon transmission peak. Having a sharper discriminant
will improve the sensitivity of fluctuations of both the average optical frequency and the
pulse repetition rate.
7.2 Active suppression of the RF phase noise in a COEO

The phase noise of the RF signal depends heavily on the resonator bandwidth, or
equivalently the resonator quality factor. Figure 7.2 shows how the phase noise of an
oscillator decreases as the Q of the resonator increases. In a COEO, a high Q is acquired
by creating a long storage time in the laser cavity with a long round trip time. The
dependence of the microwave Q on the laser cavity length implies that a long laser cavity
can produce very low noise COEOs. Indeed, the lowest (close to the carrier) phase noise
COEOs have optical cavity lengths hundreds of meters long [54]. Such long cavity
lengths are not practical in an optical frequency stabilized COEO, however. The limited
finesse of the intracavity etalon requires the longitudinal modes of the laser cavity to have
enough separation so that the etalon can select a single supermode set. The etalon used in
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the experiments described above has a finesse of ~100; this limited the laser cavity length
to below ~10 meters. Another potential solution to reduce the noise of an optical

L(f) (dBc/Hz)

frequency stabilized COEO is active noise suppression.
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Figure 7.2: The phase noise of an oscillator for different resonator bandwidths
when the internal phase noise is dominated by the amplifier phase noise. The
Poseidon oscillator phase noise is shown for comparison.

Actively suppressing the phase noise of a COEO requires measurement of the phase
fluctuations in the optoelectronic loop and feedback to compensate for those fluctuations.
Note that such systems have been demonstrated for purely microwave oscillators [55],
[56]. To see how this can be accomplished, recall the phase noise measurement
techniques expounded upon in Chapter 2. From Section 2.2.2 the phase noise of relative
noise measurement system is given by
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[

]

S m (ω ) = S φ (ω ) ⋅ 1 + H (ω ) − 2 H (ω ) cos(θ (ω )) .
2

For a system with H (ω ) ≈ 1 and θ (ω ) ≈ ω

(7.1)

ω1 , in other words the transfer function is

governed by a phase response that is proportional to the frequency, the power spectral
density of the output of the system reduces to
S m (ω ) =

ω2 φ
S (ω )
ω12

(7.2)

Examples of such systems include the delay line frequency discriminator and a modelocked laser. Thus such systems give the phase noise of the input multiplied by the square
of the offset frequency. It turns out (see Appendix B) that power spectrum of the phase
fluctuations of the optoelectronic loop S ψ (ω ) of a COEO has an inverse relationship to
the power spectrum of the phase noise of the oscillator output S φ (ω ) , namely,
⎛ Γ2
S φ (ω ) = ⎜⎜ 2
⎝ω

⎞ ψ
⎟⎟ S (ω ).
⎠

(7.3)

Putting Equation 7.2 together with Equation 7.3 yields
S m (ω ) =

Γ2

ω

2
1

S ψ (ω )

(7.4)

and the noise S ψ (ω ) is recovered. In other words, the action of the coupled optoelectronic
oscillator is to turn phase fluctuations into frequency fluctuations while the frequency
discriminator converts frequency fluctuations into phase fluctuations to recover the phase
noise S ψ (ω ) . This phase information can be used to adjust the phase in the COEO
optoelectronic loop. The noise of the oscillator is then limited to the noise floor of the
phase noise correction feedback loop.
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In order to lower the phase noise of a COEO then, a frequency discriminator can be
used. The discriminator does not need to be separate from the oscillator itself [56]. Either
by using the mode-locked laser or by incorporating a delay line into the COEO, the
oscillator’s high Q element can double as the frequency discriminator for phase noise
reduction. (Note the similarity with using the same intracavity etalon for supermode
suppression and optical frequency stabilization in Chapter 5.) A potential design that
utilizes the mode-locked laser is shown in Figure 7.3. The oscillator signals before and
after the mode-locked laser (and photodetector) are compared and the phase difference is
applied to a phase shifter in the loop. The difficulty with this scheme is that the laser is an
active device, and the phase difference before and after the mode-locked laser will
contain the laser’s residual noise as well as the discriminator signal. The residual noise
will set the noise floor of the phase correction feedback loop and thus the oscillator noise
as well. For the setup in Figure 7.3, the oscillator noise for different levels of laser
residual noise can be calculated, and are plotted in Figure 7.4. Note that a Q value of
6·104 is assumed in Figure 7.4. These noise levels are higher than desired. If a higher
finesse etalon is used in the laser cavity allowing for a longer laser cavity and therefore
higher effective microwave Q, the efficacy of the design of Figure 7.3 should be
reassessed, as the higher Q greatly reduces the noise levels.
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Figure 7.3: Proposed setup for active phase noise reduction by using the
discriminator effects of a mode-locked laser. A, RF amplifier; VCP, voltage
controlled phase shifter; DBM double balanced mixer; PS phase shifter; MLL,
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Figure 7.4: Predicted noise of the oscillator of Figure 7.3 for different levels of
spontaneous emission noise from the mode-locked laser.
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When the residual noise of the laser is too high, a separate, passive high Q element can
be incorporated into the laser and used for phase noise reduction. A possibility is a delay
line frequency discriminator. Using the formulation used to develop the Leeson model
[57] (detailed in Appendix B), one can define a phase noise transfer function of the delay
line by which internally generated phase noise fluctuations are transformed into the phase
noise power spectrum of at the oscillator output. First, consider an oscillator with a single
delay line only (such as in an optoelectronic oscillator). The delay line transfer function
D(ω) is simply e iωτ for a delay of τ. The oscillator transfer function follows as
H (ω ) =
2

1
.
2 − 2 cos(ωτ )

(7.5)

The phase noise power spectrum at the oscillator output is obtained by multiplying this
transfer function by the phase noise power spectrum of the internally generated phase
noise. A plot of Equation 7.5 is shown in Figure 7.5 for two different delays. Note that
for longer delays, the noise decreases for low offset frequencies at the expense of
increased spur density at multiples of 1 . The spurious modes at large offsets can be

τ

suppressed with a mode selection filter.
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Figure 7.5: Phase noise transfer function of the delay line oscillator for two
different values of delay.

To suppress modes closer to the carrier, a multiloop configuration can be implemented
[58]. The double loop delay line transfer function is

1
2

(e

iωτ 1

)

+ e iωτ 2 and the oscillator

transfer function is
H (ω ) = [1 − cos(ωτ 1 ) − cos(ωτ 2 ) + 12 {1 + cos(ω (τ 1 − τ 2 ))}] .
−1

2

Equation 7.6 is plotted in Figure 7.6.
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(7.6)
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Figure 7.6: Phase noise transfer function of a dual loop delay line oscillator. The
delays of the two loops used are 2 μs and 0.2 μs.

In using a delay line frequency discriminator for phase noise suppression, a dual loop
configuration is inherent. A design that includes dual loop configuration with phase noise
suppression is shown in Figure 7.7. The optical signal from the mode-locked laser is split
in two and a long relative delay is introduced between the two arms. Since the noise in
the phase noise reduction circuit will ultimately limit the oscillator’s phase noise,
decreasing the noise floor of the phase noise measurement is critical. The best way to do
this is to use the interferometric noise measurement system described in Appendix A. The
two signals are photodetected and sent to a 180° hybrid coupler. The sum port is used for
the oscillator’s electrical feedback. The difference port is used in a carrier suppressed
noise measurement system. The output of this system is used to control the phase in the
electrical feedback loop to suppress the phase noise. In order to maintain carrier
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suppression at the difference port of the 180° hybrid coupler, the two photodetected
signals are mixed, the output of which controls the quadrature phase shifter.

PS

LNA

PD

DBM

PS

α
MLL

Δ

PID

180° hybrid
coupler

VCP

Σ

VCP
Figure 7.7: Proposed coupled optoelectronic oscillator with active noise
suppression. Thick lines are electrical paths, thin lines are optical paths and the
dotted lines are noise suppression feedback paths. PD, photodetector; PID, PID
controller; α, variable attenuator; DBM, double balanced mixer; VCP, voltage
controlled phase shifter, LNA, low noise amplifier; PS, phase shifter; MLL, modelocked laser cavity.

Thus two separate approaches to improve the performance of a coupled optoelectronic
oscillator have been outlined. The first is to simply incorporate an etalon with a higher
finesse than is currently in use. This should quickly lead to lower jitter and increased
stability of the optical modes. The second is a system applicable to any COEO (optical
frequency stabilized or not) that relies on active suppression of the RF phase noise. The
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implementation of this system is much more involved, and would require heavy
investment to produce improved results over the higher finesse etalon design.
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APPENDIX A
INTERFEROMETRIC NOISE MEASUREMENTS
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The photodetected signals upon which phase and amplitude noise measurements are
made are often low power – signal levels ranging from -20 dBm to -10 dBm are common.
When measuring the noise of low power signals, an RF amplifier between the
photodetector and mixer is necessary to saturate the mixer. As mentioned in Chapter 2, an
important contribution to the measurement system noise floor is the flicker noise arising
from the amplification of the RF carrier. The flicker contribution to the noise floor is
double if both signal inputs to the mixer need amplification, as is often the case in a
frequency discriminator. By employing an interferometric noise measurement, the flicker
contribution of both amplifiers can be heavily mitigated [33]. Moreover, the system is
easily changed from measuring phase noise to amplitude noise by tuning a phase shifter.
The setup for the interferometric noise measurement is shown in Figure A.1. The two
input signals are phase and amplitude balanced, then passed through a 180° hybrid
coupler. A 180° hybrid coupler is a four-port (two inputs and two outputs) device. One
output port (marked Δ) is the difference of the two input signals, while the other output
port (marked Σ) is the sum of the two input signals. For input voltage signals S(t) and R(t),
the hybrid coupler output may be written as
VΔ =

1
[S (t ) − R(t )]
2

(A.1)

1
[S (t ) + R(t )]
2

(A.2)

and
VΣ =

where the 1

2 is necessary for energy conservation. For two input signals of the same

frequency, the carrier is suppressed at the output of the difference (dark) port. The output
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of this port is therefore noise sidebands only. Without a carrier, the amplifier following
the dark port will not flicker. A carrier does emerge from the sum port, and the amplifier
following this port consequently will flicker, but this flicker noise will not be detected by
the noise measurement system. To understand how this happens, consider Figure A.2. As
in Figure 2.9, only carrier-sideband multiplications contribute to the measured signal.
Unlike Figure 2.9, there is no carrier signal into one of the amplifiers and therefore no
flicker. The other amplifier flickers, but because there is no carrier in the other port of the
mixer, this flicker noise does not contribute to the output of the mixer.

Δ

DUT

DBM
PS
RF source

Σ

VA

LNA
LPF

Figure A.1: Interferometric noise measurement setup. Suppressing the RF carrier in
one port of the mixer suppresses the flicker noise from the noise floor. “*” denotes
convolution.

To evaluate in detail how the interferometric noise measurement system measures
amplitude and phase noise, consider input signals S(t) and R(t) of
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S (t ) = V0 [cos(ω 0 t ) + α S (t ) cos(ω 0 t ) − φ S (t )sin (ω 0 t )]

(A.3)

and
R(t ) = V0 [cos(ω 0 t ) + ε cos(ω 0 t + θ ) + α R (t ) cos(ω 0 t ) − φ R (t ) sin (ω 0 t )] .

(A.4)

The term ε cos(ω0t + θ ) represents the imperfect phase and amplitude balance of the two
signals, with ε << 1 . Signal S(t) has amplitude and phase noise α S (t ) and φS (t ) , and the
phase and amplitude noise of R(t) are φ R (t ) and α R (t ) , respectively. The noise floor of
the measurement system will be ignored for now. The signals from the Δ and Σ ports of
the hybrid coupler follow as

VΔ =

V0
2

[(α S (t ) − α R (t )) cos(ω 0 t ) − (φ S (t ) − φ R (t ))sin (ω 0 t ) − ε cos(ω 0 t + θ )]

(A.5)

[2 cos(ω0t ) + (α S (t ) + α R (t ))cos(ω0t ) − (φS (t ) + φR (t ))sin(ω0t ) + ε cos(ω0t + θ )]

(A.6)

and
VΣ =

V0
2

Accounting for a relative phase shift δ, the output of the mixer and low pass filter is given
by
VM = η [(α S (t ) − α R (t ))cos(δ ) − (φS (t ) − φR (t ))sin (δ )].

(A.7)

The detector constant is given by

η=

V02 a1b1κ
2

(A.8)

where a1 is the gain of amplifier a, b1 is the gain of amplifier b, and κ is the (saturable)
conversion efficiency of the mixer, and has the units of (Volts)-1. By setting δ to 0° or 90°,
either the relative amplitude or phase noise is measured.
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To determine the suppression of the amplifier flicker noise, the amplitude and phase
noise of S(t) and R(t) are ignored. The signals from the Δ and Σ ports of the hybrid
coupler are now expressed as
VΔ =

V0

[− ε cos(ω 0 t + θ )]

2

(A.9)

and
VΣ =

V0
2

[2 cos(ω 0 t ) + ε cos(ω 0 t + θ )].

(A.10)

When these signals are amplified, amplitude and phase flicker noise are added:
Va = −

Vb = −

V0 a1ε
2
2V0 b1
2

[cos(ω 0 t + θ ) + α a (t ) cos(ω 0 t + θ ) − ϕ a sin (ω 0 t + θ )]

(A.11)

[cos(ω 0 t + δ ) + α b (t ) cos(ω 0 t + δ ) − ϕ b sin (ω 0 t + δ )].

(A.12)

The subscripts a and b indicate signals from amplifiers a and b, respectively. In the
derivation of Equation A.12, the relative phase shift δ is accounted for and the small
signal ε cos(ω0t + θ ) was ignored. The baseband output of the mixer and lowpass filter is
given by:
VM = εη [(α a (t ) + α b (t )) cos(θ ) + (ϕ a − ϕb )sin (θ )] for δ = 0

(A.13)

and
VM = εη [(α a (t ) + α b (t ))sin (θ ) + (ϕ a − ϕb ) cos(θ )] for δ = 90°

(A.14)

where only first order terms are retained. Note that the level of the amplifier flicker noise
is reduced by the carrier suppression out of the dark port of the 180° hybrid coupler by
amount ε.
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An intereferometric noise measurement test set was built and characterized. Figure A.2
shows the noise floor of the system. Note the 20 dB improved sensitivity of the
interferometric noise measurement system compared to the noise floor of Figure 2.8.
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Figure A.2: Noise floor of a interferometric noise measurement system.
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APPENDIX B
THE LEESON MODEL
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A more rigorous analysis of the oscillation conditions and noise analysis of the RF
signal generated from a coupled optoelectronic oscillator can be performed by
considering a generalization of the COEO as a resonator with feedback oscillator. Shown
in Figure B.1 is a simplified diagram of the oscillator, the major components of which are
a resonator and an amplifier, to compensate for losses, connected in a feedback loop.
(This can be applied to the COEO when considering the RF mode selected by the RF
filter or etalon only.) The resonator’s influence on the oscillating RF frequency comes not
only from its action as a narrow bandpass filter; its dispersion plays a role as well. This
can be seen by examining the condition for stable oscillation, the so-called Barkhausen
condition [46]:
A ⋅ R(ω = ω 0 ) = 1

(B.1)

where ω0 is both the resonant frequency of the resonator and the oscillation frequency, A
is the action of the amplifier and R is that of the resonator. The Barkhausen condition can
be separated into phase and amplitude conditions, that is,
A ⋅ R (ω = ω 0 ) = 1

(B.2)

arg[ A ⋅ R(ω = ω 0 )] = 0.

(B.3)

Oscillation can occur if the small signal loop gain overcomes loop losses. The amplitude
part of the condition is met by clamping the signal power through saturation of the
amplifier gain. The phase response will be mostly determined by the resonator, and any
phase response of the amplifier can be absorbed by R (ω ) . The phase condition then
reduces to arg[R (ω )] only.
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internal phase noise

ψ (t )

oscillator phase noise

A

φ (t )

R(ω)

Figure B.1: The resonator with feedback. A, amplifier; R, resonator. The oscillator
phase noise is related to the internal phase noise through the Leeson model.

By introducing a static phase shift δ into the loop, the Equation B.3 is modified to

δ + arg[R(ω )] = 0 . Small static phase shifts will alter the oscillation frequency by amount
Δ , where
Δ=

δ

∂
∂ω

arg[R(ω )]ω =ω 0

.

(B.4)

In other words, small changes in phase in the feedback loop of a COEO will convert to
frequency changes of the RF signal (repetition rate) at the output. Also, the frequency of
the COEO can be tuned by applying a phase shift in the feedback loop. The amount of
tuning of the oscillation frequency is limited to the range where the small signal loop gain
is exceeds the loss.
As noise of the RF signal is of chief concern, being able to predict the noise of the
output signal as a function of the constituent parts is advantageous. The amplitude noise
of such oscillators is largely clamped by saturation of the amplifier, and is typically much
lower than the phase noise. Therefore, the phase noise of the oscillator is focused upon.
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Predicting the phase noise of an oscillator such as the COEO from the phase noise of the
constituent parts is performed through the Leeson model.
By assuming a linear shift invariant (LSI) system, the action of a component on a
signal may be specified by its impulse response function. For an impulse response
function h(t) and transfer function H (ω ) = H (ω ) e iθ (ω ) , the action on the signal
cos(ω 0 t + δ ) is simply
H 0 cos(ω 0 t + δ + θ 0 )

(B.5)

where H 0 = H (ω0 ) and θ 0 = θ (ω0 ) . If the signal has a small amount of phase noise φ (t ) ,
it can be shown that the signal at the output of the system may be written as

[
cos{ω t + δ + θ

]

H 0 1 + H10 (hs (t ) ∗ φ (t ) cos θ 0 + hc (t ) ∗ φ (t ) sin θ 0 ) ×
0

0

}

+ H10 (hc (t ) ∗ φ (t ) cos θ 0 − hs (t ) ∗ φ (t ) sin θ 0 )

(B.6)

where hc (t ) and hs (t ) are defined as
hc (t ) = cos(ω0t )h(t )

(B.7)

and
hs (t ) = sin (ω0t )h(t )

(B.8)

respectively, and ∗ denotes convolution. Equations B.7 and B.8 define the phase noise
impulse response of a signal with low phase noise and negligible amplitude noise through
a LSI system. It can be shown that the associated (double sided) phase noise transfer
function may be written as
H p (ω ) =

(

)

1
H (ω − ω 0 )e −iθ 0 + H (ω + ω 0 )e iθ 0 .
2H 0

(B.9)

This result justifies our use of a phase noise transfer function to describe the action of an
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actively mode-locked laser on the RF source phase noise in Section 3.6. Equation B.9
states that the phase noise transfer function is simply the normalized voltage transfer
function. This means that knowledge of the voltage transfer function can be used to
determine the system’s response to phase noise, and vice versa.
Armed with a phase noise transfer function, when determining the phase noise of the
oscillator, each component can be considered to act on the phase noise only. Consider
Figure B.1. Phase noise ψ is introduced prior to a noiseless amplifier. The amplifier
phase noise transfer function is taken as equal to unity. To determine the transfer function
of the resonator, either empirical data (such as that of Section 3.6) or knowledge of the
voltage transfer function may be used. Both the assumption of a simple Lorentzian filter
or the results for a mode-locked laser presented in Section 3.6 yield the same result,
namely
R(ω ) =

1
1 + i ωΓ

(B.10)

where Γ is the HWHM of the resonator’s intensity response. The phase noise transfer
function of the oscillator is defined by
H (ω ) =

φ
.
ψ

(B.11)

By starting at the output and continuing around the loop, the phase noise transfer function
of the resonator with feedback oscillator is given by
H (ω ) =

1
.
1 − R(ω )

(B.12)

As described in Section 2.2.2, the power spectra of the input phase noise S ψ (ω ) and
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oscillator phase noise S φ (ω ) are related through the magnitude squared of the transfer
function. The phase noise of the oscillator then follows as
⎛ Γ2
2
S φ (ω ) = H (ω ) S ψ (ω ) = ⎜⎜1 + 2
⎝ ω

⎞ ψ
⎟⎟ S (ω ).
⎠

(B.13)

This equation that relates the phase noise of an oscillator to the phase noise of introduced
by components in the feedback loop was first given by Leeson [57] and is known as the
Leeson model.
To understand the significance of Equation B.13, first consider frequencies ω >> Γ . In
this region of the phase noise spectrum, the oscillator phase noise is equivalent to the
input phase noise. When ω << Γ , however, there is a significant increase of the oscillator
phase noise over that of the input phase noise. By recasting the phase noise in terms of
the frequency noise Sδf (ω ) :
Sδf (ω ) = Γ 2 S ψ (ω ) for

ω << Γ

(B.14)

it can be seen that the frequency fluctuations of the oscillator are proportional to the input
phase fluctuations. A plot of the Leeson model applied to the phase noise of an RF
amplifier is shown in Figure B.2.
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Figure B.2: Leeson model applied to a low noise RF amplifier. The amplifier phase
noise is shown in black. The red curve is the application of Equation B.13 with
Γ

2π

= 170 kHz .

Similar noise models can be developed for the oscillator designs of Chapter 7 using a
similar approach to the one presented here.
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